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RELATIVE NUCLEARITY FOR C*-ALGEBRAS AND AA-EQUIVALENCES 
OF AMALGAMATED FREE PRODUCTS 

KEI HASEGAWA 


Abstract. We prove a relative analogue of equivalence between nuclearity and CPAP. In its 
proof, the notion of weak containment for C*-correspondences plays an important role. As an 
application we prove Xif-equivalence between full and reduced amalgamated free products of 
C*-algebras under a strengthened variant of ‘relative nuclearity’. 


1. Introduction 

A C*-algebra A is said to be nuclear if for any C*-algebra B there is a unique C*-cross norm 
on the algebraic tensor product A Q B. The notion of nuclearity was introduced by Takesaki 
|Ta| in the 1960’s. On the other hand, by remarkable works of Lance |L1| . Choi-Effros |CE] . and 
Kirchberg [Ki] , the nuclearity of a given C*-algebra is known to be equivalent to the completely 
positive approximation property ( CPAP), that is, the identity map can be approximated by a net of 
completely contractive positive maps that factor through matrix algebras. This characterization 
is useful and plays an important role in various situations. In this paper, we study ‘relative 
counterparts’ of nuclearity and CPAP for inclusions of C*-algebras. 

It seems natural to formulate the ‘relative CPAP’ of a given inclusion B G A oi C*-algebras 
by the following asymptotically commuting diagram: 





Namely, (pi and ipi are completely positive maps satisfying a = lim^ ijji o tpi{a) for a € A. In this 
case, the CPAP of B implies the one of A. Moreover, there are many examples known to have this 
‘relative CPAP’; for example, crossed products by amenable discrete groups, group C*-algebras 
of relative amenable discrete groups, tensor products with nuclear C*-algebras, continuous fields 
of nuclear C*-algebras, etc. From the viewpoint of equivalence between nuclearity and CPAP, 
those inclusions should be ‘relatively nuclear’, but the explicit formulation of ‘relative nuclearity’ 
has never been established so far. The aim of this paper is to formulate relative nuclearity for a 
given inclusion B G A in such a way that it includes original nuclearity as a particular case when 
B = Cl A, and is characterized by a kind of relative CPAP. 

It is widely known that nuclearity is to C*-algebras what amenability is to von Neumann 
algebras. Thus, motivated by Popa’s formulation [Po] of relative amenability for von Neumann 
algebras, we will develop our theory of ‘relative nuclearity’ by the use of C*-correspondences, 
which are C*-counterparts of bimodules over von Neumann algebras. For C*-algebras A and 
B, an A-B C*-correspondence is given by a pair {X,ttx), where A is a Hilbert R-module and 
TTx is a ^-homomorphism from A into the C*-algebra of adjointable (right R-linear) operators 
on X. A-A C*-correspondences are also called C*-correspondences over A. To define ‘relative 
nuclearity’, let us introduce the notion of universal factorization property ( UFP). We say that a 
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C*-correspondence {X, ttx) over A has the UFP if for any C*-algebra B and any ^-representation 
a : A^^axB —^ B(-ff), cr factors through the image of the natural representation (j)^ '■ ^ 

B(X H) (see S M.ll for its precise definition) as follows. 


A ® B 





^B(iJ) 

-r 


Im (j)^ 


In our theory, the notion of UFP plays a role of the original definition of nuclearity. Indeed, 
the nuclearity of A is naturally equivalent to the UFP of {H ® A,tth (8 1) for some faithful 
^-representation tth ■ A —^ B(iJ). 

For a given unital inclusion B C A with conditional expectation E, we denote by {L‘^{A, E),tte) 
the A-B C*-correspondence associated with E given by the GNS-construction. For simplicity, let 
us assume that E is nondegenerate (i.e., tt^; is faithful) in the rest of this section. We say that 
{A, B,E) is nuclear if {L'^{A, E)^b AjTTe^I) has the UFP. In the case when B = Cl a, L'^{A, E) 
is a Hilbert space, and hence the nuclearity of (H,C1 a,£') is equivalent to the nuclearity of A. 
Moreover, we prove the following theorem, which is a relative analogue of ‘nuclearity CPAP’. 


Theorem A. Let B G A be a unital inelusion of C*-algebras with conditional expectation E. 
Then, {A,B,E) is nuelear if and only if for any finite subset 5^ C A and e > 0, there exist 
n,m G N and completely positive maps ipk '■ A ^ M„(i3) and ipk '■ M„(i?) —>■ A, 1 < k < m such 
that ||a — ° TkicL)\\ < e for a G S, aiT'd each (pk and ipk are of the form 


Pk ■ a 1-^ 


E{a 


J i,j=l 


'f’k -[b, 


y H,j=l 




H yt 

i,I=l 


^ijUj 


for some Xi,yi G A, 1 < i < n. 


This theorem will be proved based on the following two observations concerning weak contain¬ 
ment for C*-correspondences: The first one is that for given A-B C*-correspondences {X,ttx) 
and (YjTTy) with A unital, the following are equivalent (see S 113.II for the definition of weak 
containment): 

• {X, TTx) is weakly contained in (Y, Try) with respect to the universal representation, writ¬ 
ten (A,7rx) ^univ (U,7ry). 

• For any f G X, finite subset 5^ C A and e > 0, there exist m G N and pi,... G Y 
such that ||(C,7rx(a)0 - J2T=iiyk,TrYia)r]k)\\ < e for a G S'. 

The second one is that any C*-correspondence {X,ttx) over A has the UFP if and only if 
(A, A^) ^univ {X,TTx) holds, where (A, A^) is the identity C*-correspondence over A (see S 114. II) . 
These observations also say that the nuclearity of (A, B, E) is characterized by the condition that 
(A, Xa) ^univ (i^(A, E)®b 1a)- We point out that this is parallel to Popa’s formulation 

|Po) of relative amenability for von Neumann algebras: an inclusion of von Neumann algebra 
N C M is amenable if and only if mL‘^{M)m -< mL^{M) (§ix L^{M)m holds. 

We also introduce the notion of strong relative nuelearity. Roughly speaking, the strong nu¬ 
clearity of a given triple (A, B, E) is the property that each ipk o Pk in Theorem lAl can be chosen 
to be H-bimodule maps (see 11 114.21) . This stronger notion seems technical, but almost all the 
examples of nuclear triples investigated in this paper are in fact strongly nuclear. For example, 
a triple (A, B, E) is strongly nuclear in any of the following cases: 

• A is nuclear, B is finite dimensional, and the embedding B ^ Ais full (i.e., span A6A = A 
for 6 G i? \ {0}); 

• A = B G) C with C nuclear; 
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• B = C{X) G A' C\ A and A is a continuous field of nuclear C*-algebras over X-, 

• i? is of Watatani index finite type; 

• A = i? Xjj r, where F is a discrete amenable group; 

• B = C{X) and A = C{X) F, where a : F rv C{X) is amenable l lADlj l: 

• A = C*(F) and B = C*(A), where A<iF is co-amenable (i.e., F/A is amenable); 

• A = C*{g) and B = where G is a locally compact Flausdorff amenable etale 

groupoid whose unit space G^^^ is compact. 

We also show that a triple (A, B, E) is nuclear in any of the following cases: 

• A is nuclear and the embedding B ^ A is full; 

• A = C*(F) and B = C*(A), where A < F is co-amenable; 

• A is of probabilistic index finite type; 

• A = i? Xa F, where a -.T r\ B is amenable. 

Clearly, strong relative nuclearity implies relative nuclearity, but we do not know whether or not 
these two notions are actually different. 

As a (kind of) byproduct of our investigation of ‘relative nuclearity’, we also obtain Weyl- 
von Neumann-Voiculescu type results that partially generalize the ones due to Kasparov [Ka| 
and Skandalis jSk) . In particular, we prove the next characterization for weak containment (see 
Theorem 16.711 . 

Theorem B. Let A and B be C*-algebras with A unital separable and B a-unital, and {X,ttx), 
(y,7ry) be A-B C*-correspondences with X countably generated and nx and Try unital. Then, 
(A,7rx) ^univ (KjTTy) if and only i/(X©y°°, 7rx©7r“) and (y°°,7r“) are approximately unitarily 
equivalent, where (T°“,7r“) is the countable infinite direct sum o/(y,Try). 

As applications, we obtain several results in KK-theovy. Firstly, we show that our strong 
relative nuclearity implies Germain’s relative AT-nuclearity [Ge2] . which is a relative counterpart 
of Skandalis’s iF-nuclearity [Sk| . In [Sk| . Skandalis proved that nuclearity implies AT-nuclearity 
by using Kasparov’s generalized Voiculescu theorem. Similarly, we prove relative AT-nuclearity 
by establishing a certain Weyl-von Neumann-Voiculescu type assertion under strong relative 
nuclearity (see S 117.2|) . Then, we prove the following theorems: 

Theorem C. Let {(A^, B, Ei)}i^i be an at most countable family of unital inclusions of separable 
C*-algebras B G Ai with conditional expectations Ei : Ai ^ B. If each triple {Ai, B, Ei) is 
strongly nuclear, then the canonical surjection from the full amalgamated free product 'kB,i^iAi 
onto the reduced one 'ksy^xiAi, Ei) is a KK-equivalence. 

Theorem D. Let {{Ai, B, Ei)}i,^x be an at most countable family of unital inclusions of sep¬ 
arable C*-algebras B G Ai with nondegenerate conditional expectations Ei : Ai ^ B. If each 
Ai is nuclear and B is finite dimensional, then the canonical surjection from 'ksy^iAi onto 
'kB.i&xiAi, Ei) is a KK-equivalence. 

These two theorems follow from a somewhat more general and technical result (see S 98.211 . 
We note that Germain’s result on free products of unital separable nuclear C*-algebras [Gel] is 
a particular case of these theorems with B = <C. Finally, combing our result with Thomsen’s 
result [Thj on iF-theory of full amalgamated free products we obtain six term exact sequences in 
iF-theory of reduced ones. 

This paper is organized as follows. In )j2l we recall basic facts on C*-correspondences. The 
definition of weak containment for G*-correspondences is given in ^ In that section, we also 
characterize weak containment by a certain approximation property for coefficients, mentioned 
above. In lj4]we introduce the notion of UFP. We then define relative nuclearity and strong one, 
and prove Theorem]^ We also see that our relative nuclearity is related to relative WEP recently 
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introduced by Jian and Sepideh |JS| . as well as relative amenability for von Neumann algebras 
( |Po)|AD3]|OP| '). In ^ we see that the examples listed above are actually (strongly) nuclear. 
is devoted to proving Weyl-von Neumann-Voiculescu type results. Applications in ATAT-theory 
are given in the last three sections. In (J3we prove that strong relative nuclearity implies relative 
A'-nuclearity. The proof of Theorem ICl and Theorem [Pl are given in ^ In the final section, we 
establish six term exact sequences in ATA'-theory of reduced amalgamated free products and a 
A"AT-equivalence result for HNN-extensions. 

Notation. We basically follow the notation of Brown and Ozawa’s book m- For a C*-algebra 
A we denote by 1a the unit of the multiplier algebra A4{A) of A. The symbols M{H) and 
K{H) stand for the set of bounded operators and the set of compact ones on a Hilbert space 
H, respectively. We use the symbol © to denote the algebraic tensor product over C. For C*- 
algebras A and B we denote by A © H and A ©max B the minimal and the maximal tensor 
products, respectively. For a von Neumann algebra M, we denote by M, the (unique) predual 
of M. The von Neumann algebraic tensor product of M and another von Neumann algebra N 
is denoted by M © N. We denote by CP(A, B), CCP(A, B) and UCP(A, B) the c.p. (completely 
positive) maps, the c.c.p. (completely contractive positive) maps, and the u.c.p. (unital completely 
positive) maps from A into B, respectively. For a linear map ip : A ^ B we denote by the 
linear map <p © idM„ : M„(A) —>■ M„(H) with identification M„(A) = A © M„, etc. For these 
terminologies we refer the reader to Chapter 1-3]. For elements x and y in a normed space 
X and £ > 0 we write x y when ||a; — y|| < e holds. The closed unit ball of X is denoted by 
Ball(A:). 
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2. Preliminaries on C*-correspondences 

In this section, we fix notations and terminologies and recall basic facts on C*-correspondences. 
We refer the reader to Lance’s book |L2| for Hilbert C*-module theory. 

Definition 2.1. An inner product A-module is a linear space X with a right A-action which is 
compatible with scalar multiplication, i.e., A(^a) = (A^)a = C(Aa) for A S C,^ G X,a G A and an 
A-valued inner product (•, •) : X x AT —)> A satisfying the following conditions: 

(1) (C, Xr] + yC) = A(C, v) + C) for 77 , C G X and A, /r G C, 

(2) (^, pa) = (^, 77)0 for ^,r] G X and o G A, 

(3) (Lv)* = for 

(4) (C,0 >0foreG Y, 

(5) C = 0 if and only if (^, ^) = 0 for ^ G Y. 

When Y is complete with respect to the norm ||^|| = we call Y a Hilbert A-module 

or Hilbert C* -module over A. 

Let Y be a Hilbert C*-module over a C*-algebra A. When A = C, Y is a usual Hilbert space. 
When we would like to emphasize the C*-algebra A of coefficients, we will write (•, ■)a- A Hilbert 
A-module Y is said to be countably generated if there exists a countable subset C Y 

such that span{^„a | a G A, n G N} = Y. 

Let Y and Y be Hilbert A-modules. A linear map a; : Y —>■ Y is said to be adjointable if 
there exists a linear map x* : Y —>■ Y which enjoys {r],x^) = {x*ri,^) for all ^ G Y, 77 G Y. Note 
that adjointability implies A-linearity. We denote by Lyi(Y, Y) the set of adjointable maps from 
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X into Y and set Lyi(X) := hA{X, X). Every adjointable map is automatically bounded and 
L/i(X) forms a unital C*-algebra with respect to the operator norm and the involution x i-A x*. 

For given vectors 77 G X we define the ‘rank one’ operator G Lyi(X) by 0- 

We denote by K^(X) the C*-subalgebra of L^(X) generated by I G X}. Operators in 
K^(X) are called compact operators on X. It is known that K^(X) is a C*-ideal of Lyi(X) and 
L^(X) is isomorphic to the multiplier algebra of K^(X). We denote by lx the identity operator 
on X. 

Definition 2 . 2 . Let A and B be C*-algebras. An A-B C* - correspondence is a pair (X, ttx) con¬ 
sisting of a Hilbert _B-module X and a ^-homomorphism wx '■ A —>■ L^(X), called the left action. 
A-A C*-correspondences are also called C*-correspondenees over A. We denote by Corr(A, i?) 
the set of A-B C*-correspondences and set Corr(A) := Corr(A, A). 

A C*-correspondence (X, ttx) G Corr(A, H) is said to be unital if A is unital and ttx is also 
a unital map, and countably generated if X is countably generated as a Hilbert H-module. We 
denote by Rep(A) the set of nondegenerate *-representations of A. A-B C*-correspondences 
(X, TTx) and (X, Try) are said to be unitarily equivalent, denoted by (X, ttx) = (X, Try), if there 
exists a unitary U G Lb(X,X) such that Trx(a) = [/*7ry(a)C/ for a G A. When no confusion may 
arise, we will write X for short instead of (X, ttx). 

Definition 2.3. For X G Corr(A, H) and ^,17 G X the mapping A 9 a i-A- (^,Trx(a)? 7 ) is called 
a coefficient of X. We define the c.p. map : A —>• i? by H^(a) = (^,7rx(a)C)- For a subset 
S C X we denote by Ts the convex hull of | ^ G A} in CP(A, B). 

Definition 2.4. Let X and X be Hilbert C*-modules over A and B, respectively, and (p : A ^ 
Lb(X) be a c.p. map. Then we can construct the Hilbert H-module X 0 ,^ X by separation and 
completion of X©X with respect to the H-valued semi-inner product (i.e., it satisfies the axiom of 
H-valued inner products except (5)) © 17 , © p') '■= {p, ^'))p') for G X and p, p' G X. 

There are two *-homomorphisms: 

L/i(X) —>• Lb(X ©^ X); a;i-9'a;©ly 

(/?(A)'n Lb(X)-)> Lb(X ©,^ X); y lx © 7/ 

satisfying that {x © ly)(^ © 17 ) = (x^) © p and (lx © 2/)(^ © 17 ) = ? © {yp), for ^ G X and 
p £ Y. Since these *-homomorphisms have mutually commuting ranges, we will write x © 7 / := 
(x © ly)(lx © 7 /) = (lx © 7 /)(a; © ly)- When 173 is a *-homomorphism, the module X ©,^ X is 
called the interior tensor product of X and (X, (p). When no confusion may arise, we may write 
X ®bY = X ©,^ X. Further assume that Y = B and 73 : A —>■ i? is surjective. In this case, 
X ©,^ B is called the pushout of X by v? and denoted by X,^. We also write := x © Is for 
X G Lx(X). 

Definition 2.5. Let X and X be Hilbert C*-modules over C and D, respectively. The exterior 
tensor product of X and X is the Hilbert C © D-module given by separation and completion of 
XqY with respect to the C©!?-valued semi-inner product (^© 77 , ^'© 77 ') = ^')(Si{p, p') G C®D 

for G X and p, p' G X. It is known that there exists a *-homomorphism l : Lc(X)©Ly)(X) —>■ 
Lc( 8 i£i(A © X) such that i(x © y){^ © 77 ) = x^ © 7/77 for x G Lc(X), y G L£)(X), ^ G X, 
p £ Y. We will write l{x © 7 /) = x © 7 / for short. We note that when (X, ttx) G Corr(A, C) and 
(X, TTy) G Corr(H, D), we have (X © X, ttx © Try) G Corr(A ® B,C ® D). 

Remark 2.6. Let X G Corr(A, B) and X G Corr(H, C) be given. To simplify the notation, we use 
the same symbol ttx © ly for the *-homomorphisms from A into Lc(X ©b X) and LBigic(X © X). 

Example 2.7. Every C*-algebra A forms a Hilbert A-module with respect to the inner product 
{a,h) = a*b. It is not hard to see that A = K^(A). Let Aa : A —>• Lyi(A) the canonical *- 
homomorphism given by the left multiplication. The (A, Aa) G Corr(A) is called the identity 
C*-correspondence over A. 
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Example 2.8. Let tth '■ A —>■ B(iJ) be a *-representation. The C*-correspondence {H 
1b) is called a scalar representation. 

Example 2.9. Let B G A he an inclusion of C*-algebras with a conditional expectation E 
from A onto B. Then, A naturally forms a right B-module by right multiplication. We denote by 
LF'{A, E) the Hilbert 5-module obtained from A by separation and completion with respect to the 
H-valued semi-inner product (a, h) := E{a*b) for a,b G A. The left action tte ■ A^ Lb(L^(^, E)) 
is given by the left multiplication. When A is unital, we denote by be the vector in L‘^{A,E) 
corresponding to 1a- The triple E),ttb,5b) is called the GNS representation associated 

with E. The conditional expectation E is said to be nondegenerate when ttb is injective (or, 
equivalently, a = 0 if and only if E{xay) = 0 for all x,y G A). The conditional expectation E is 
also said to be faithful when for any a G H, a = 0 if and only if E(a*a) = 0. 

Let be the standard basis of C" and be the corresponding system of matrix 

units in M„. We denote by C„ the Hilbert M„-module C" equipped with the right action 
C" X M„ 9 I-)- *xf G C", where ‘x is the transposed matrix of x, and the M„-valued inner 

product defined by {Si,5j} = for 1 < i, j < n. 

Example 2.10. We call Ha '■= £^(N) 0 A the standard Hilbert module over A. Clearly, Ha is 
isomorphic to the infinite direct sum ^ of H as Hilbert H-module. For {X, ttx) G Coir(A, B) 

and n G N we set (X°°,7r“) := (£^(N) 0 X, (g) ttx) and (X”,7r^) := (C" (g) X, Ic" (g) ttx)- 
We also define (X„,7rx„) := {X (g) C„,7rx (g) lc„) G Corr(H, M„(i?)). 


The next observation is standard, but important for us since it illustrates how c.p. maps that 
factors through matrix algebras (over C*-algebras) appear. 


Remark 2.11. Let {X, wx) G Corr(H, B) and {Y, Try) G Corr(E, C) be given. For a given vector 
f G X ®bY of the form 5* C) r/i, the coefficient H —>• C is equal to the composition of 

the c.p. maps ip : A ^ M„(i?) and ip ■ Mn(^) —>■ C defined by 


(f : a i-G- 


(5i,7rx(a)5j)B 


J ij^l 


{yi,'KY{hj)r]j)c- 

*0 = 1 


3. Weak containment for C*-correspondences 
In this section we develop some general theory of weak containment for C*-correspondences. 

3.1. Weak containment with respect to representations. 

Definition 3.1.1. Let H be a C*-algebra and {H, tth) and {K, ttk) be ^-representations of A. We 
say that (iL, ttb) is weakly contained in written (iJ, ttb) ^ (ET, ttb) if kerTiB C kerTT//. 

When no confusion may arise, we may write H ^ K or ttb ^ t^k for short. 

Definition 3.1.2. Let A and B be C*-algebras. For (X, ttx) G Corr(gl, B) and (H, tth) G Rep(i?) 
we define the *-representation 0^ : A (g)max -G B(X ®b H) by 

9x{a® x) ■-= T:x(,a) ® x, a G A,x G TTHiB)'. 

We say that (X, ttx) is weakly contained in (F, Try) G Corr(H, E) with respect to (E, ttb), written 
(X,TTx) -<(h,-kh) if {X (Sib H,9x) is weakly contained in {Y (Sb H^Oy)- When no 

confusion may arise, we will write X Y for short. In the case that (E, ttb) is the universal 
representation of B, we write X ^univ Y. 

Remark 3.1.3. The reader may think our definition of weak containment rather technical. 
Hence, we will briefly explain why we formulated it as above. Let A and B be C*-algebras. 
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Fix H G Rep(i?) arbitrarily and set M := •kh[B)". Then, weak containment for A-B C*- 
correspondences with respect to H can be characterized by the one for corresponding A-M bi¬ 
modules in the following way. Let X,Y G Corr(7l, B) be arbitrary. Thanks to Lemma 13.1.51 
below, we can assume that M C B(iL) is of standard form (see, e.g., [H]). Then, the commutant 
TTniBy is canonically isomorphic to the opposite algebra M°p, and 9^ and By factor through 
the (right) normal tensor product A (g)nor (see |EL) 1. Let px and py be the representations 
of A (8)nor M°P corresponding to 0^ and respectively. Then, it is clear that 0^ -< Oy if and 
only if Px < py ■ We also note that this observation says that, in the case when B = M and X 
and Y are selfdual, our definition agrees with the one defined by Anantharaman-Delaroche and 
Havet |ADH[ Definition 1.7]. 


Remark 3.1.4. Let X,Y G Corr(A, R) and {H,Tr) G Rep(R) be arbitrary. Recall that the 
pushout of A by TT is the Hilbert 7r(R)-module A^. Since X ®b H = A,r ®tt(b) H, it follows that 
A -<H Y if and only if A.^- -<h Att as A-x{B) C*-correspondences. Thanks to this observation, 
we can reduce to the case when is faithful in some cases. 

Lemma 3.1.5 (cf. |B01 Lemma 3.8.4]). Let A and B he C*-algebras, and A, A G Corr(A,R) 
and G Rep(R) be given. Set M = tth{B)". If X -<h A and (K,ttk) is a normal 

representation of M, then it follows that X 


Proof. First we deal with the case that K = H ® G and ttk ■ M —>■ M{H 0 G); a: i—>■ x (8 ) 1g for a 
Hilbert space G. Fix o-k® Xk G A © TTKiM)' arbitrarily. Let P G ]B(G) be an orthogonal 

projection of rank n. Note that xk^M)' = M'®M{G) and (1 © P)ttk{M)'{1 ® P) = M' © M„. 
Let {eij}'fj^i be a system of matrix units M„ and G M' © M„ be the matrix 

representation of (1 © R)xfe(l © P) via the above isomorphism. Since ]B(A ©^ (R © PG)) = 
B((A ®B H) ® C”) = B(A ©B R) © M„, we have 


(1a © (Iff © P)) ^2 ^xio-k © Xfc)(lx © (Iff © P)) 

k=l 
m 

® ((Iff ® P)xk{lH © P))) 


K(X®bK) 


fc=l 


M{X0b(H^PG)) 


m n 


(ofc ® xj^) 


ij ) ^ 


k—1 i,j—l 




(6>f © idM„) EE (ofe 


x\2)®e^j 


L k—1 i,j—l 


< 


< 


{Oy © idMjv) E E ® G ® e 


k fc—1 i,j—l 


B(A®Bff)®M„ 


B(V(giBff)i8iM„ 


^ ( 9y {ok © Xk, 


k=l 


B(V®bA') 


Let {Pi}i C B(G) be a net of finite rank projections converges to 1 g strongly. Then {1 a © (Iff © 
Pi)}i also converges to Ia®*: strongly. By the lower semi-continuity of operator norm we have 
lEfeLi (^xi^k © a;fc)|| < lISfcLi (®fc ® 2 ;fc)||, and hence we have 9x < dy. 

Since every normal representation of M is the cut-down of xk above by some projection in 
TTK{My, we are done. □ 
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As we mentioned above, the following definition includes |ADH[ Definition 1.7]. 

Definition 3.1.6. Let A be a C*-algebra and M be a von Neumann algebra. For any two C*- 
correspondences X,Y £ Corr(A,M) we say that X is weakly contained in Y, written X ^Y, ii 
X is weakly contained in Y with respect to any (or some) faithful normal representations of M. 

3.2. Characterization in terms of coefficients. In this subsection, we prove Theorem 13.2.11 
below, which contains [ADHl Proposition 2.3] as a particular case that B = M and X is selfdual. 
The proof below is based on the same idea as in Kirchberg’s proof [Ki] for showing that C*- 
nuclearity implies CPAP (see also inni Theorem 3.8.5]). 

Theorem 3.2.1. Let A and B be G*-algebras with A unital. Let {X,ttx), (Y,tty) € Corr(A, B) 
and G Rep(i?) be given and set M := ttu[B)". Then, the following are equivalent: 

(1) {X,'Kx) -<(H ,'^h) 

(2) For any £, G X there exists a net of c.p.maps in Ty (see Definition \2.3\) such that 

tth o ifi converges to tvh o Dj in the point a-weak topology. 

(3) For any f G X there exists a net of c.p.maps {V'iji in- such that '0(1a) < f^{(lA) and 
T^H o fji converges to tvh o Dj in the point a-weak topology. 

(4) X®bM <Y®bM. 

The following technical lemmas originate in |ADH1 Lemma 2.2] and are used to prove the 
implication (1) (2) in Theorem 13. 2. II 

Lemma 3.2.2. If A and B are unital C* -algebras, ip ■. A^ B is completely positive, and f be a 
state on B, then for any a G A and b,c G B it follows that 

\f{b*p{a)c)\ < min||/(6V(l)^)l^^^l/(cV(a*a)c)|^/^/(6V(aa*)6)|^/V(cV(l)c)^^^|. 

Proof. Consider the A-B C*-correspondence X = B. Then we have f{b*p{a)c) = f{b*{l C) 

1,0® l)c) = /((I 0 6, a ® c)). Since X x X B /((^i v)) ^ C defines a sesquilinear form, 

by the Cauchy-Schwarz inequality, we have 

|/((1 0 6, a 0 c))| < |/((1 0 5, 1 0 b))\^/^\f{{a (g>c,a0 c))|^/^ = |/(6*(p(l)6)|^/^|/(c*(/?(a*a)c)|^/^. 

Since /((I 0 b,a0 c}) = f{{a* 0 6,1 0 c)) holds, by the Cauchy-Schwartz inequality again, we 
get the desired inequality. □ 

Lemma 3.2.3. Let A and C be unital C*-algebras and p : A ^ C be a u.c.p. map. Fix a faithful 
*-representation C C B(iJ). Let be a net in CP(A, C) which converges to p in the point 

a-strong topology on CP(A, B(i7)) and set Ci := ■ Then, (/>' : A —>■ C;a i—>■ Ci(j>i{a)ci 

converges to p in the point a-weak topology and satisfies that ^'(1^) < Iq. 

Proof. We first note that ^'(1 a) = 4(/)i(lA)(l + 4>i{lA))~'^ < 1- Let g" C A be a finite subset, 
X C M, be a finite subset of normal states, and e > 0 be arbitrarily chosen. By assumption, 
there exists ig G T such that 

lf(p(a) - < s/2, 2||a|||/((l - < s/2, If (MU)) - 1| < 1 

for all a S g and f G X as long as z > fo. By the previous lemma we have 
lf(/>'i(a) - />^(a))| = lf(c*cfi(a)ci - ()>i(a))l 

< lf(cMi(a)(ci - lc))| + |/((c* - lc)/>^(a))| 

< lf((fi(lA)(lc - cM)l^^^(lf(c*/>i(aa*)ci)M + lf(/>^(a*a))M) 

< lf(MlA)(lc - cM)\^/^{\\a\\ + \\a\\f(MU))^^^) 
<2\\a\\\f{MU)(lc-cM)\^/^- 
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Since (/)i(lA)(lc - = (Ic - + (/'z(lA))“^<?ii(lA) < (Ic - ^*(1^))^, we have 

|/(</>i(lA)(lc-c*)2)| < |/((1 c-(/'z(1a))^)|- Hence, we get |/((/j(a) - (/)'(a))| < |/(v5(a) - (/)i(a))| + 
l/(0z(a) - </>Ka))| < |/((/?(a) - 0z(a))| + 2||a|||/((lc - < e as long as i>io. □ 

The next lemma specialized to the case that B = B" is exactly [ADHl Lemma 2.2]. 

Lemma 3.2.4. Let A and B he C*-algebras with A unital. Fix a nondegenerate faithful *- 
representation B C B(iJ). Let F be a convex subset ofCP{A,B) such that for any b G B and 
tp G F, the c.p. map b*'ip{-)b also belongs to F. If ip G CP{A^B) belongs to the point a-weak 
closure of F in CP(H, B(7L)), then there exists a net {ipi}i in F such that ipiilA) < oind 

it converges to ip in the point a-weak topology. 

Proof. Set b := p{Ia)- For each n G N, we define the continuous function /„ G (70(0, ||6||] by 

jnV^ 0<x < ^, 

" + otherwise, 

and set bn := fn{b) G B. Let e G B" be the support projection of b and set C := eB"e. Define 
On G CP{A,B) by 9n{a) := bnp{a)bn for a G A. We first claim that converges to a u.c.p. map 
(j) from A into C in the point cr-strong topology. To see this, we fix a positive contraction a G A 
arbitrarily. Since we have 0 < p{a) < b, by the Douglas decomposition theorem (see e.g. El 
Theorem 17.1]), there exists c G M{H) such that = cb^^^. Since {bnb^^^}n is an increasing 

sequence which converges e strongly, d„(a) = also converges to ec*ce in the same 

topology. In the case when a = 1 a, the c is equal to e, and hence (/)(a) := ec*ce defines the desired 
u.c.p. map. 

We note that p = b^^^(j){-)b^^‘^ holds. Indeed, for any a G A we have 
p{a) = ep{a)e = lim = lim6^/^0„(a)6^/^ = 

n n 

Thus, if we find a net </>' in F in such a way that <(>((1^) < f^ilA) = e and ^i'(a) converges to (j){a) 
tr-weakly for a G A, then ipi := &^/^(/)'(-)&^/^ gives the desired net. 

Since F is convex, the point a-weak closure of F in CP(H, B(i7)) coincides with the point a- 
strong closure of F. This follows from the fact that for any finitely many elements oi, ...,«„ G A 
the set {('0(ai),..., ip{an)) G B(i7) ] ip G F} is convex, and hence its cr-weak and a-strong 

closures coincide. Thus, by the claim above, we can find nets pi G F and n{i) G N in such a 
way that (pi := bn{i)Pi(-)bn{i) converges to p point cr-strongly. The image of each pi is contained 
va B r\C since bn = holds for every n G N. By the preceding lemma, the net p'i = Cipi{-)ci 
with a = 2(e -I- pi{lA))~^ G C converges to p in the point cr-weak topology and satisfies that 
Pii^A) < e. We show that p'i belongs to F. Indeed, we have p'i = Cipi{-)ci = Cibn(i)Pi(-)bn{i)Ci. 
By the fact that Ci is the norm limit of commutative polynomials of e and bn{i)Pi{lA)bn{i) and 
^n(i)e = bn{i), each Cibn(i) is in B. By the assumption of F, we get p'i G F. □ 

Proof of Theorem, \S. 2. 1\ As in Remark 13.1.41 replacing B and X, Y by tth{B) and Xt^h, FT-y we 
may assume that tth is faithful and identify B with 'kh{B). 

We prove (1) (2) : Fix ^ G X, a finite subset 5^ C A, a finite subset X of normal states on 

M and e > 0 arbitrarily. Set / := g and let (X, be the GNS-representation 

associated with /. Since each g G X enjoys g < \X\f, by the Radon-Nikodym theorem for 
states (see e.g. Eoi Proposition 3.8.3]), there exists Xg G 7r/(M)' = TTf{B)' such that g{y) = 
(^/> ■^/(y)^sO) y ^ Lemma 13. l.SI we have X Y, i.e., 9^ P Oy. Since the image of 

YQff is dense in Y K, applying Fell’s characterization of weak containment [0 Theorem 1.2] 
to these ^-representations of A(§iniaxT(f{By and the vector G X®bK, we find ryi,..., G F 
such that 1(^0 ff ,9^(00 Xg)(^0ff)} - Y^^^i(vi0^f, 9y (a0 Xg)(gi 0 f/))! < e for all a G S' and 
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g € X. We then have for a G g" and g € X 

C n \ n 

/ Z-1 

n 

= '^{V^ Xg^f) 

n 

= ® 0>^'y (a® ® C/))- 

i^l 

Since g{^^ia)) = {if,nfi{^,TTx{a)OB)xg^f) = (C ® C/, (a ® a;g)(C 0 C/)), the c.p. map ip := 
Yl'k=i ^Ck S satisfies that \g{^l^{a) — ip{a))\ < e for a G g and g G X. 

The implication (2) (3) follows from Lemma [3.2.41 We prove (3) => (1): Let z G ker6*y be 

given and show that dxi^) — 0- It suffices to prove that dxi^)^ 0 ry = 0 for every ^ G X and 
g G H. We fix e > 0 arbitrarily and take w = Yl'i=i a,i ® Xi G Aq nniBy in such a way that 
\\z — in||max < £■ By (3) we can choose ip = X^fcLi ^Ck ^ ^y in such a way that ip{l) < 12^(1) 
and |(77 ,E"j=i I2c(a-aj)a;*Xj7y) “ Note that IlCfe ® = 

( 77 , ip{l)g) < {g, 12 ^( 1 ) 77 ) < 11? ® lyiP- One has 

n n n m 

||^6»f(ai(g)Xi)?(g)77f = (77, n^{a*aj)x*Xjg) (77, Y '^^(kia*aj)x*Xjg) 

Z = 1 = l = l k—1 

m n m 

= X! II® Xi)Ck ® gV 11'^'= o ^11^ - ^^11^ o '^ll^- 

k—1 i—1 k—1 

Thus, we have \\dx{z){^ ® ^)|| < \\z — w||niax + ||^x('^)(? O ^)ll < £ + \/2e. Since e is arbitrary, 
we get Ox{z) = 0. 

Finally, the canonical isomorphisms {Y®bXI)®mH = Y®bH and {X®bXI)®mH = X®bH 
imply that ker0|f = ker0y|g|^j^^ and kerd;^ = ker0;^^^j^^, which proves (1) <t4> (4). □ 

Corollary 3.2.5. Let A and B he C*-algebras with A unital and X,Y G Cott(A,B) be given. 
The following are equivalent: 

(1) X ^univ y. 

(2) For any ^ G X the c.p. map f2j belongs to the point norm closure of By. 

(3) For any f G X there exists a net {ipi^i in Ty such that '0^(1^) < 12^(1^) and that 
liin^ ||f2j(a) — ipi{a)\\ = 0 for every a G A. 

Proof. Let {Hu,tTu) be the universal representation of B. Then, it is known that the enveloping 
von Neumann algebra 7r„(i?)" is isomorphic to the second dual B** . Hence, the relative topology 
on TTuiB) induced from the u-weak topology on Tru{B)" coincides with the weak topology. Since 
Py is convex, the point weak closure and the point norm closure of P coincide (see e.g. m 
Lemma 2.3.4]). Hence, the assertion follows from the previous theorem. □ 

3.3. Elementary properties of weak containment. In this subsection we establish some basic 
facts on weak containment. For a Hilbert C*-module over a unital C*-algebra B, a vector ? G X 
is said to be normal if (^, ^) = holds. We note that every C*-correspondence {A®g,B, Aa® Is) 
arising from a u.c.p. map ip : A ^ B admits the normal vector 1^ (8) 1^. 

Proposition 3.3.1. Let A and B be unital G*-algebras and X,Y G Corr{A, B) and H G Rep(B) 
be given. Assume that Y is unital and admits a normal vector g G Y. If X -<x Y (resp. 
X ^univ Y), then for any ? G X there exists ipi G Py with ipi{lA) = such that ttk ° f’i 

converges to ttk o 12^ point a-weakly (resp. ipi converges to 12^ in the point norm topology). 
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Proof. By Theorem 13.2.11 there exists a net 'ifi S Py with '0^(1^) < $7^(1^) such that ttk o ipi 

1 /2 

approaches ttk oQ,^. Set bi := 17^(1^) — ■0i(lA) S B and Q ■= rjb^' . For a € A and normal state 
/ e M{K)^ we have = /(^^^(Ty,Try( 0 ) 77 ) 6 -^^) < \\a\\f{b,) 0 and 0 ^( 1 ^) + ^7^,(1^) = 

17^(1^). Thus +17^^ S Py is the desired one. The assertion in the case that X ^univ Y follows 
from Corollary 13.2.51 □ 

Let A and B be C*-algebras with A unital, and let X,Y,Z € Cori(A, B) and H € Rep(i3). 
We note that X Z holds whenever X Y and Y Z hold thanks to Theorem 13.2. II 


Proposition 3.3.2. Let A,B,C and D be G*-algebras with A and C unital. For X,Y G 
Cott{A, B), Z,W G Cott{C, D), FI G Rep(i?) and K G Rep(Z7) if X -<h Y and Z -<x W 
hold, then we have X ® Z <h®k Y as (A 0 C)-{B 0 D) C*-correspondences. 

Proof. By the remark above, it suffices to show the case when {Z, ttz) = (IF, t^w)- We show that 
ker^y®^ C ker0^^2 ■ ^ ker0y®2 with ||z|| < 1 arbitrarily. By the polarization trick, we 

only have to show that {f,® f ® h ® k, 0x%^ (•^)^ ® C ® h ® k) = 0 for all unit vectors f G X, 
C, G Z, h G F[, and k G K. For any e > 0, we can find a contraction ® ^i) Zi xi G 

A®C®{'KH{By ®TTK{F)y) satisfying || 2 ;-X]z(aiC)Ci)(g)Xi|| < e in {A®C)®^s.^{TTH{By ®TTK{Dy). 
Note that H^^yl’f Since A is unital and X <h Y holds, Theorem 13.2.11 enables us to 

find ryi,..., ?yp G F in such a way that J2r=i(Vr^ p) — Cl and 


( h® k,Xi{TTH{Ll^{ai) - '^Llrjriai))h) ® (7r_ft:(f7^(Q))fc) 




r —1 




< S. 


Now we have 


\{^®C®h®k, ex%z (^)C ®C®h®k)\ 

~£ \{£,®C,®h®k, 9x%z ize)f. Gi C ® h ® k) 

= O k,xi{TTH{Gt^{ai))h) ® (7r*:(f7(;(c;))fc))| 


iEE(^ (g) k,xi{'KH{Glnr{ai))h) ® {'KK{GLQ{ci))k))\ 


r=l I 
P 


= I y^.ivr ®C®h®k, 0 Y^^{Ze)r]r. ® ( ® h ® k) 


r —1 


< Py 0 §{zeMh® k,j 2 {r]r.,r]r)h® {(,Qk) 


r —1 

< e{h® k,{^,f,)h® {y,(:;)k) 

< £. 

Since e is arbitrary, we are done. 

The next useful proposition is a particular case of Proposition 13.3.21 


□ 


Proposition 3.3.3. Let A,B be G*-algebras with A unital and X,Y G Gor{A,B) and Ft G 
Rep(i?). If X -<H Y, then (X„,7rx„) (Fr!,,Ty„) as A-M„(R) G*-correspondences (see 

Example \2.10\ for notations). 

Proposition 3.3.4. Let A, B and C be G*-algebras with A and B unital and X,Y G Corr(A, B), 
Z,W G Corr(R,C') and K G Rep(C') be given. Suppose that Z <k W and either X Pzis>cK Y 
or X -<w 0 cK Y holds. Then X ®b Z -<k Y ®bW as A-C G*-correspondences. 
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Proof. Suppose that X -<z0cK We show that X ®b Z Y ®b Z -<k Y ®b W. For 
any Xi & Aq ttk{C)' we have Px^sziY^i^-i ® a;i)|| = Px^^^iYi^i ® (Iz ® cci))!! < 

\\ey®^^{Yi^i ® Pz ® 2^0)11 = pY<z,BziYi^i ® 2 ;i)||. Hence X ®b Z Y ®b Z. To see 
Y ®B Z -<K Y ®B W, let ^ = Yl=i ili®Ci^YQZhe arbitrary. By Reinark r2.111 the coefficient 
is of the form o with t] = ( 771 ,..., r]n) € and f = (Ci, ■ ■ ■, Cn) S Z"^, where M„(i?) 
acts on Z” by ttz ® idM„ : M„(i3) —>• ILciZ) 0 M„ = L,c{Z^). 

Since (Z",7rz ® idM„) ~<h {W'^,Tryy 0 idM„) as M„(H)-C' C*-correspondences, there exists a 
net ipi £ Pz”- such that o i/ij o converges to ttx o o = ttx o in the point cr-weak 
topology. Since o G Px®bZ^ we get Y ®bZ -<k Y ®b W. 

When X <w®cK Y, we can prove, in the same manner, that X ®b Z <k X 0b W <k 
Y0bW □ 

Proposition 3.3.5. Let A and B he C*-algebras with A unital. Let X,Y G Corr(H, B) and 
H £ Rep(B) he arbitrary and set M = -kh{B)" . Then, X -<h Y if and only if for any f £ X, 
the product map 

(tthoLI^) X lm' ■ A 0 M'—>• a 0 a: i-A 7r//(H^(a))a; 

max max 

factors through Im Oy ■ 

Proof. Thanks to Remark 13.1.41 we assume that ttb is faithful and B C B(B). Suppose that 
X -<H Y. For any Yi ai® Xi G A0 M', ^ G X, and rjX G H one has 

i i i 

<P^{Y.a,®xM\irMPh 

i 

which implies that 0y{Yi o-i ® Xi) i-A Yi ^(,{ 0 'i)xi is bounded and its norm is less than or equal 

to lief. 

Conversely, suppose that $ : Im0y —7> ^(H); 9y{a 0 x) 1 -^ flf a)x is bounded. Let z £ kerdy 
be arbitrarily fixed. We show that p 0 rj, 9x{z)^' 0p) =0 for all f,£^'GX and p, rj' G H. By the 
polarization trick we may assume that ^ = C- Let e > 0 be arbitrary and take Yi o-i®Xi £ A0M' 
in such a way that ||z — Yi ® 2^1 Umax < £■ We then have 

\P®-nPxC^a.^0x^p0r]')\ = \{'n,^PPx{ai)^)x,p)\ < p,^(^ai 0 Xi)p)\ 

i i i 

<||$||||0#(^a.0xO||N|||f||<e||$||h||||f||. 

i 

Since e > 0 is arbitrary, we get 9x{z) = 0, and hence X -<h Y. □ 

The next technical proposition will be used later. The proof below is based on [BOl Proposition 
3.6.5], called The Trick. 

Proposition 3.3.6. Let A andB be unital C*-algebras, andX,Y G Corr(A, B) and H G Rep(B). 
If ny is unital and X -<h Y holds, then for any normal vector f G X there exists a u.c.p. map 
0 from {hB(Y) 0 Iff)" C B(F 0b H) into Trff{B)" such that 0(7ry(a) 0 Iff) = nff o a) for 
aG A. 

Proof. Thanks to the previous proposition there exists a u.c.p. map $ : Im0y —>■ B(iJ) such 
that $(0y(a 0 x)) = Trff{p,Trx{a)f))x for a £ H and f G X. Since Imdy is a unital C*- 
subalgebra of B(F 0b H), by Arveson’s extension theorem we can extend $ to a u.c.p. map 
T from B(F 0b H) into M{H). Note that Im0y is contained in the multiplicative domain 
of 'k, i.e., ^'(a&c) = $(a)'k(6)$(c) holds for a,c G Im0y and b £ B(F 0b H). Let 0 be 
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the restriction of to (LBiY) 
yO{x) = 

which implies Q{x) € 7r//(i?) 


Ih)"- Then, for x G (LBiX) ® ^h)" and y G M' we have 
Hi 


yQ{x) = ^{0^{lA‘^y))'^{x) = ^{0Y {lA'Y)y)x) = (1a®2/)) = Qix)y, 


□ 


4. Relative nuclearity 

In this section we give the definition of relative nuclearity and prove Theorem |Al 

4.1. Universal factorization property. To define relative nuclearity, we need the notion of 
universal factorization property, which plays a role of the original definition of nuclearity. Recall 
the fact that for C*-algebras A and B every nondegenerate representation a : Aq B ^ M{H) is 
of the form of cta x where aA '■ A B(B) and aB '■ B ^ M{H) are unique *-homomorphisms 
having mutually commuting ranges and satisfying a(a®b) = aA(a)<JB{b) (see e.g., Theorem 
3.2.6]). 

Definition 4.1.1. Let A be a C*-algebra. We say that {X,Trx) G Corr(A) has the universal 
factorization property ( UFP for short) if it satisfies the following universal property: For any 
C*-algebra B, every ^-representation {H,a) G Rep(yl .B) is weakly contained in the *- 

representation ■ A (8>i„ax B 9 a (8) 6 i-A- ttx( a) (8) (JB{b) G ]B(X 0^.4 H). In other words, there 
exists ^-homomorphism $ : Im —>■ B(iJ) such that the following diagram commutes: 

A 0 B --^B(iJ) 

max 7^ 



Im ipY 


Firstly, the UFP of a given C*-correspondence is characterized in terms of weak containment. 

Proposition 4.1.2. For any C*-algebra A and any C*-correspondence (X, ttx) over A, {X,ttx) 
has the UFP if and only if {A, Xa) ^univ (X, ttx) holds. 

Proof. Suppose that (X, ttx) has the UFP. Let {F[,tth) be the universal representation of A. 
Applying the UFP to tth x t : Aq -kh{A)' B{H), where i : tt//(A)' ^ B(7J) is the inclusion 

map, we get 'keiO^ = ker(/)^ C ker)?!// x^ax'-) = ker0^. Conversely, suppose that (A, Ax) ^univ 
(X, TTx) holds. Let B and ctx x cts : A 0 R —>• B(iJ) be given. The condition that (A, Ax) ^univ 
(X, TTx) implies that (A, Ax) F{h,( 7 a) (A', ttx). For any ® ^ A Q B we have ||ctx x 

0 6 i)|| = ll^xd^iOi C) crB(&i))|| < ||(Ei «i ® ctr(& i)|| = ||(Li 0 6i)||, which 
implies {H, a) -< (X 0r H, 4>x)- 

We next translate the original definition of nuclearity into the language of C*-correspondences 
by use of the notion of UFP. We note that equivalence between nuclearity and CPAP follows from 
the next proposition together with Corollarv l3.2.51 

Proposition 4.1.3. Let A be a C*-algebra and ttr : A —>■ B(iJ) be a faithful *-representation. 
Then, the following are equivalent: 

(1) A is nuclear. 

(2) {H 0 A,t:h < 8 ) lx) has the UFP. 

(3) (A,Ax)' ^univ (iJ 0 A, ttr- 0 lx). 

Proof. We prove (1) => (2): Suppose that A is nuclear and fix a C*-algebra B and nondegenerate 
^-representation cr : A © R —>■ B(X) arbitrarily. We observe that (R 0 A) ©o-^ X = R 0 X, and 
this isomorphism induces Inr(/)x 0 x — 4l0 crR(R) C B(X 0 R). The nuclearity of A implies that 
Im())|^igi^ = A ©max <tb(B). By the universality of the maximal tensor product, the mapping 
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$ : luY(j)^^j^ 9 ®^) ^ <yA{a)(TB{b) G B(iJ) is bounded, and hence {H ® A, tth 0 1a) has 

the UFP. 

Equivalence between (2) and (3) follows from the previous proposition. We prove (2) => 
(1): Suppose that {H 0 0 1a) has the UFP. Let cr : A 0max B —>• B(iJ) be a faithful 

^-representation. Since Im = A 0 asiB) holds as above, the UFP gives the inverse of the 

canonical surjection from A 0max B onto A® B, and hence A is nuclear. □ 

4.2. Relative nuclearity. 

Definition 4.2.1. Let B C 4l be an inclusion of C*-algebras with conditional expectation E : 
A^ B. We say that the triple {A, B, E) is nuclear via {Z, ttz) G Corr(il) if the C*-correspondence 
{L‘^{A, E)®b Z®b a, 7r£;01^0 1 a) has the UFP. When {Z, ttz) = {B, A_b), we say that (A, B, E) 
is nuclear. 

Let B C A be an inclusion of C*-algebras and U : A —>■ B be a nondegenerate conditional 
expectation. As we will see in the next section, (A, B, E) is nuclear whenever A is nuclear 
and the embedding B ^ A is full (see Example I5.1.3|) . We do not know whether or not this 
still holds true when we remove the assumption of fullness, but we can prove the nuclearity of 
(A, B,B) via some C*-correspondences over B. This is the merit of considering nuclearity via 
C*-correspondences over subalgebras. We also mention that the ‘(.Z, tt^)’ does not affect much 
in some cases. For example, in the case when B = CIa, A^(A,B) ®b Z is a usual Hilbert space. 
Thus, the nuclearity of (A, CIa, E) via some C*-correspondence over C is equivalent to the one of 
A by Proposition 14.1.3j Moreover, in S M.3I and §lj4A]we will see that the nuclearity of (A, B,B) 
via some C*-correspondence over B implies the relative injectivity of 7r^f(B)" C 7r/f(A)" for any 
(B, tth) G Rep (A), and a relative weak expectation property of A. 

The next theorem says that this ‘via version’ of relative nuclearity is characterized by a kind 
of ‘relative CPAP’. 


Theorem 4.2.2. Let B G A be a unital inelusion of C*-algebras with conditional expectation 
E, and (Z^ttz) be a C*-correspondence over B. Then, (A,B,E) is nuelear via {Z,ttz) if and 
only if for any finite subset ^ C A and e > 0, there exist n,m € N, ipk ■ A ^ M„(B) and 
Tpk '■ Mn(B) —?> A, 1 < k < m such that ||a — o Tkia,)\\ < e for a G S', and each (pk and 

tpk are of the form 


Pk'- a ^ 


(bi, (7^E(a) 0 lz)??j) 




i’k 


i:0i«i: 

bi=i 




for some ??i,... ,77n G L'^{A,E) 0b Z and yi, ..., G A. 


Proof. Suppose that {A,B,E) is nuclear via {Z,Trz) and fix a finite subset S C A and e > 0 
arbitrarily. By Proposition HiTT^ and Proposition l4.1.3l we have lA. A4 ) ^univ {L'^{A, E)®b Z®b 
A, 7rB0lz0lA)- Since the identity map on A is noting but G Ba, thanks to Theorem l3.2.11 we 
can find m G N and ^i,..., ^^ G Lf{A, E)®bZ®bA in such a way that ||a—(®)ll < ^ 
all a G S- Here we may assume that each is of the form ® ^ (^) E)®b Z)qA. 


By Remark [2AT1 letting pk(,a) := {nEia) ® 1)7]^^) _ for a G A and t{Jk{[bij]ij=i) ■= 


yt 


z., 7 =i^* for [^d']qj=i € M„(B), we get \\a - YJk=i'4^k o Pk{a)\\ < e for all a G S- 

The converse implication follows from Proposition 14.1.21 Proposition 14.1.31 and Corollary 13.2.51 
again. □ 


Proof of Theorem\M Suppose that (A, B, E) is nuclear and fix a finite subset S C A and e > 0 
arbitrarily. By the preceding theorem, we can find n, m G N and c.p. maps pk ■ A^ M„(B), ipk '■ 
M„(B) — ^ A satisfying that ||a — J2T=i^k ° ‘/^fc(a)|| < e for a G A. We only have to modify 
PkS. For each k, pk is of the form a i-A- 7r_E(a)?7j)]"j=i for some ryi,..., ? 7 „ G Lf{A, E). Since 
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L‘^{A,E) is the completion of A, we may assume that 77 ^ comes from an element Xi € A. Since 
(xi,TrE{a)xj) = E(x*axj) holds, we are done. □ 

The next proposition implies that if both {A, B, E) and B are nuclear, then so is A. 

Proposition 4.2.3. Let A and B be C*-algebras with A unital and B nuclear. If there exist 
X G Corr(A, B) and Y G Corr(i?, A) such that (X 0^ F, ttx 0 Iv) G Corr(A) has the UFP, then 
A is nuclear. 

Proof. Since (X F, ttx 0 ly) has the UFP, by Proposition |4T^ we have {A, \a) ^univ (X 0b 
F, TTx 0 ly). If G Rep(i3) is a faithful representation, then thanks to Proposition 14.1.31 

we have {B, As) ^univ {H 0 B, tth 0 1a). Proposition [333] implies that (X 0 b F, tijc 0 ly) ^univ 
(X 0B i? 0 F, TTX 0 Iff 0 ly). Since (X 0b i? 0 F, ttx 0 Iff 0 ly) is a scalar representation of 
A, this implies the nuclearity of A. □ 

We next introduce the notion of strong relative nuclearity. Let B C A be an inclusion of 
C*-algebras and (X, ttx) be a C*-correspondence over A. A vector ^ G X is said to be B-central 
if f enjoys T^x{b)£, = fb for all b G B. We denote by B' fl X the set of B-central vectors in X. 
For the identity C*-correspondence {A,tta) G Corr(A) and B C A, the set of B-central vectors is 
nothing but the relative commutant B' n A. We also note that every c.p. map in Eb'cx forms a 
B-bimodule map. 

Definition 4.2.4. Let B C A be an inclusions of C*-algebras. 

• We say that a C*-correspondence (X, ttx) over A has the B-central completely positive 
approximate property {B-CCPAP for short) if there exists a net of c.c.p. maps ipi G Eb'dx 
such that limi ||a — '!/'i(a)|| = 0 for every a G A. 

• Let B : A —^ B be a conditional expectation. We say that the triple {A,B,E) is strongly 
nuclear via (Z, ttz) G Corr(B) if (L^(A, B) 0b F0b A, ttb 0 lx 0 1 a) has the B-CCPAP. 
When {Z,TTz) = (B, Ab), we say that {A,B,E) is strongly nuclear. 

For a unital A the B-CCPAP of a C*-correspondence over A implies the UFP. Thus, every 
strongly nuclear triple (A,B,B) is nuclear, but we do not know whether or not the converse is 
true. 

4.3. Relative WEP. We next discuss relative weak expectation property recently introduced 
by Jian and Sepideh [.IS] in relation with our relative nuclearity. 

Definition 4.3.1 f |BO[ Proposition 3.3.6]). An inclusion B C A is said to be relatively weakly 
injective if the following equivalent conditions hold; 

(1) there exists a c.c.p. map : A —>■ B** such that ip{b) = b for every b G B\ 

(2) for every ^-homomorphism tt : B — M{H) there exists a c.c.p. map (/? : A —>■ tt{B)" such 
that ip{b) = 7 r( 6 ) for every b G B; 

(3) for every C*-algebra C there is a natural inclusion B 0max C C A 0max C- 

Definition 4.3.2 ('[JS]'). Let A and B be C*-algebras. Then, A is said to have the B-WEPi 
(resp. B-WEP 2 ) if there exists (X, ttx) G Corr(A,B) (resp. (X, ttx) G Corr(A, B**) with X 
selfdual) such that ttx is injective and the inclusion 7 rx(A) C Lb(X) (resp. 7 rx(A) C Lb**(X) 
is relatively weakly injective. 

Note that Lance’s WEP is exactly C-WEPi. In [,lSj it was proved that B-WEPi implies B- 
WEP 2 . We note that the next proposition can be applied to every triple (A, B, B) that is nuclear 
via some C*-correspondence over B, which is an analogue of the fact that ‘nuclearity => WEP’. 

Proposition 4.3.3. Let A and B be C*-algebras with A unital. If there exist X G Corr(A, B) 
and F G Corr(B, A) such that ttx is unital injective, and (X 0b F, ttx 0 ly) has the UFP, then 
the inclusion ttx (A) C Lb(X) is relatively weakly injective. In particular, A has the B-WEPi. 
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Proof. Let G Rep(A) be arbitrary. We will show that there exists a u.c.p. map iL : 

]Lb{X) —)> such that 'i'onx = t^h- The UFP of X®bY and Proposition [SAG] imply that 

there exists a u.c.p map 0 : hxiX(§ ibY)(Si1h —t TTniA)" satisfying 0(7rx(a)® 01//) = T^H{a). 

Hence, the mapping tl/ : Lb(X) 9 a: i-a 0(a; 0 ly (8) Iff) G tth{A)" is the desired one. □ 

4.4. Relative amenability for von Neumann algebras. In this subsection, we see that our 
relative nuclearity is related to relative amenability for von Neumann algebras |pH i[xm][ op ] . 

Let iV C M be an inclusion of finite von Neumann algebras and t be a faithful normal 
tracial state. Let Lf{M) and Lf{N) be the GNS Hilbert spaces for t and r|ff, respectively and 
fr G L‘^(M) be the corresponding cyclic vector. We may assume that M C B(L^(M)). Denote 
by En the unique faithful normal r-preserving conditional expectation from M onto N. Let 
Cm G ]B(L^(M)) be the orthogonal projection onto L‘^{N) C which is called the Jones 

projection and satisfies that Cnxcn = Ex{x)eN for x G M. The basic extension {M,ejsf) is the 
von Neumann subalgebra of ]B(L^(M)) generated by M and ejv. It is known that (M, cat) is 
the cr-weak closure of spanjccejvj/ | x,y € M} and becomes semifinite with the canonical faithful 
normal semifinite tracial weight Tr : xejsiy T{xy). 

Theorem 4.4.1 ( |OPl Theorem 2.1]). Let M be a finite von Neumann algebra with a faithful 
normal tracial state r and Q,N G M be von Neumann subalgebras. Then, the following are 
equivalent. 

(1) There exists a N-central state (p on (M, eg) such that (p\m = x. 

(2) There exists a N-central state ip on {MjCq) such that ip is normal on M and faithful on 
Z{N'DM). 

(3) There exists a conditional expectation $ : {M,eQ) onto N such that $|m = Ex- 

(4) There exists a net in Lp‘{M,eQ) such that limi(^i, = t{x) for x G M and 

limi ||[M,^i ]||2 = 0 for all u G U{N). 

When any of these conditions holds, we say that N is amenable relative to Q inside M and write 
N <M Q- 

When M N holds, we also say that M is amenable relative to N. The next lemma seems 
to be known among specialists, but we do give its proof for the reader’s convenience. 

Lemma 4.4.2. There exists a unitary U from L^{M,eQ) onto H := L^{M,Eq) 0g L‘^{M) that 
maps xexy to x®y and satisfies that U{M,eQ)U* = (Lq(L^(M, Llg)) 0 1 l2(m))”- 

Proof. By ClB Lemma 2.1] spanMcffM is norm dense in L^(M, cat). For any finite sums 
J^k^kCNyk, '^iZiCNWi G spanMejvM we have 

Tr((E Xkejvyk)*('^ ziejvwi)) = J2x(y*kEN(xlyi)zi) = Xk 0 ykfr, ^ Zi 0 Wlfr)H. 
k I k,l k I 

Thus, the mapping spanMexM 9 J^k Xk^NPk t 0 ykfr G H is bounded and extends to 

a unitary, which gives the isomorphism of Hilbert M-M bimodules. To see that U{M,eQ)U* = 
(Lq(L^(M, Fig)) 0 li 2 (M))", let Pat S 1-,n{L‘^{M,Ex)) the projection defined by P^x = Ex{x) 
for X G M. Then, it follows that K(L^(M, Pat)) = spanMP^M and U{xeNy)U* = xP^y for 
x,y G M. Since {Kn{L'^{M, Ex)) 0 1)" = (L,x{L'^{M, Ex)) 0 1)", we get (Lg(L^(M, Pg)) 0 
1^2(M))" = (spanMPffM 0 1)" = P(spanMeffM 0 If'U* = U{M, cnW*. □ 

Here we give a characterization of relative amenability in terms of weak containment. 

Proposition 4.4.3. Let Q, N G M be inclusions of finite von Neumann algebras and t be a 
faithful normal tracial state on M. Then, N <m Q if and only if L'^{M, Ex) -< L'^{M,Eq) 0g 
L‘^{M,Ex) as M-N C*-correspondences. 
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Proof. Put X]\f := and Xq := L'^{M,Eq) and let G L'^{M,Em) be the vector 

corresponding to 1. We note that Xm®n L'^{N) = Lf{M). Suppose that Xm is weakly contained 
in Xq ®q Xm with respect to the standard representation N C t|jv)). By Proposition 

I3.3.6l there exists a u.c.p map $ from (Lq(Xq) 01® 1)" C 0q Xm ®n 0q 

Lf{M)) into satisfying that $(a; 0 l 0 l) = = En{x) fora: £ M. Since (Lq^Xq)®!®!)" 

is isomorphic to (M, eg), we are done. 

Suppose N <M Q- Let G Lf{M,eQ) be a net in (4) of the theorem above. Let z G 
e > 0 be arbitrary. Take w = J2k ^k0yl^ G MqN°p such that ||z —wHmax < £• 
Note that Xx 0 n L'^{N) = For any a,b G M we have 

= k(^a*Xkbyk)\ = \iui\{£_i,'^a*Xkbykft)\ 

k k 

= \im\{afi,J2^kbf^yk)\ = bm Ka^i, < e||a|| ll&ll, 

k 

which implies = 0 . □ 

Let C M be an inclusion of von Neumann algebras. Recall that M is said to be injective 
relative to N if there exists a norm one projection from JN'J C Lf{M) onto M (' |AD3[ Definition 
3.1]), where J : Lfi^M) —>■ L‘^{M) is the modular conjugation. When M is finite, this is the case 
that M <M N, that is, M is amenable relative to N (inside M). 

Proposition 4.4.4. Let B G A be a unital inclusion of C*-algebras. If there exists a unital 
X G Corr( 7 l,i 3 ) such that {X 0 b A.,xx 0 1a) has the UFP, then for any *-representation tth ■ 

A —>■ M{H), there exists a norm one projection from TTHiB)' onto TTniA)'. Consequently, -kh{A)" 
is injective relative to tth{,B)" . 

Proof. We note that X 0b A 0^ H = X 0b H. Applying the UFP of X 0b A to ttb x c : A 0 
-kh{A)' M{H) we get the ^-homomorphism from Imt/)^ C B(X 0b H) to B(iJ). By Arveson’s 
extension theorem, we obtain a u.c.p. map $ : B(A 0b H) ^ M{H) satisfying $(7rx(a) 0 x) = 
'!rH{a)x for a G A and x G 7r//(A)'. Define iL : TTHiB)' —B(i?) by 'I'(x) := $(lx 0 x). Then we 
can prove that T is a norm one projection onto 7r/f(A)' as in the proof of Proposition 13.3.61 To 
see the second assertion, let M := tth{A)" and N := tth{B)". We may assume that M and N 
are acting on the standard Hilbert space L'^{M). Let J be the modular conjugation on Lf{M). 
We then have a u.c.p. map $ : A^' —>■ M'. Thus, JN'J 3 JxJ i—>■ J4'(a:)J G JM'J = M is the 
desired map. □ 

4.5. Permanence properties. For Hilbert C*-modules X and Y over C*-algebras A and B, 
respectively, we denote by A © F the Hilbert A © H-module X ©aig Y equipped with the inner 
product 0 T],C 0 v) = if, f) ® iV: v') for G X and 77 , y' G Y. The next proposition 
immediately follows from Theorem 14.1.21 and the definition of relative CCPAP. 

Proposition 4.5.1. Let Bi C Ai,i = l,...,n be inclusions of C* -algebras with Ai unital. For 
Xi G Corr(Ai) the following hold true. 

(1) The Xi © X 2 © • • • © Xn G Corr(0"^j^ Ai) has the UFP (resp. Bi-CCPAP) if and 

only if each Xi has the UFP (resp. Bi-CCPAP). 

(2) The Xi G Corr({^"^j^ Ai) has the UFP (resp. Bi-CCPAP) if each Xi has the 

UFP (resp. B.-CCPAP). 

Proposition 4.5.2 (Direct sums and tensor products). Let {Ai,Bi,Ei),\ < i < n be a finite 
family of unital inclusions of C*-algebras with conditional expectations. Then, the following hold 
true: 

( 1 ) (®i hli) is nuclear (resp. strongly nuclear) if and only if so is each (Ai, Bi,Ei). 
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(2) is nuclear (resp. strongly nuclear) if so is each {Ai, Bi, Ei). 

Proof Let {A,B,E) := (©, 0^ S,) and iA,B,E) := (0^ 0^ 0^ L;,). The 

assertions follow from the propositions above together with the next canonical isomorphisms 
L‘^{A,E) Ob ^ = ®,{L^{Ai,Ei) ®b, A,) and L^{A,E) ®gA'=^®^{L'^{Ai,Ei) ®b, A,). □ 

Proposition 4.5.3 (Inductive limits). Let B G A be a unital inclusion of C*-algebras with a 
conditional expectation E : A ^ B. If there exists an increasing net 1a G Ai,i G X, of unital 
C*-subalgebras of A such that E{Ai) = At A B and {Ai,Ai fl B,E\Ai) is nuclear and (J^Ai is 
norm dense in A, then [A, B, E) is nuclear. 

Proof. Take finitely many elements {xi,...., Xn} C A and e > 0 arbitrarily. Since \_)^Ai is norm 
dense in A, there exists z G X and yi,...,yn € Ai such that \\xi — yi\\ < e/3 for 1 < i < n. 
Set Bi := B A Ai and Ei := iillAi- By the nuclearity of {Ai, Bi, Ei) we can find a c.c.p. map 
if G J^L^{Ai,Ei)®BiAi such that \\if{yi) - yi\\ < e/3 for 1 < z < n. Since L‘^{Ai,Ei) ®Bi Ai can 
be embedded in Lf{A,E) ®b A canonically and 1 a = lAi, the if is a c.c.p. on A. Now we get 
\\xi - '4>{xi)\\ < llxi - z/j|| + Wvi - i>{Vi)\\ + \\i’{yi - a^OII < e for l < z < n. □ 

The following proposition can be shown in the same manner. 

Proposition 4.5.4 (Inductive limits with common subalgebras). Let B G A be a unital inclusion 
of C*-algebras with a conditional expectation E : A ^ B. If there exists an increasing net 
Ai,i G X, of unital C*-subalgebras of A containing B such that (Ai, B, EIa^) is strongly nuclear 
and Ai is norm dense in A, then (A, B, E) is strongly nuclear. 

5. Examples 

In this section, we give several examples of nuclear and strongly nuclear triples. 

5.1. Inclusions of nuclear C*-algebras. 

Example 5.1.1. For any C*-algebra A the triple (A, A, id) is strongly nuclear. Further assume 
that A is unital and (^ : A —>■ C is a nondegenerate state. Then, the nuclearity of A is equivalent 
to the strong nuclearity of (A, CIa,^^) by Proposition 14.1.21 and Proposition 14.1.31 

The following lemma can be shown in the same manner as [DEI Lemma 2.21]. 

Lemma 5.1.2. Let B G A be a unital inclusion of C*-algebras and ip be a state on B. If the 
embedding l : B ^ A is full, that is, span AbA = A holds for all b G B \ {0}, then for any finite 
subset ^ G B and e > 0, there exist n G N and oi,..., a„ G A such that |1</5(&)1a—^ ^ 
for b G 

Example 5.1.3 (Inclusions of nuclear C*-algebras). Let B G A he a unital inclusion of C*- 
algebras with nondegenerate conditional expectation E : A ^ B. Take a faithful representation 
tth '■ B —7> M{H). Then, A is nuclear if and only if {A,B,E) is nuclear via {H ® B,tth 0 1). 
Moreover, when the embedding t, : B ^ A is full, the triple {A,B,E) is nuclear. 

Since {if {A, E) G)b LI,'Ke ® 1b) is also a faithful representation of A, A is nuclear if and only 
if (A, Ma) ^univ ((X^(A, E) ®B H) ® A,t:e ® ® 1a) holds, thanks to Proposition 14.1.21 and 

Proposition 14.1.31 The natural isomorphism {L'^{A, E)®b H) 0 A = L^{A, E) ®b {H ® B)®b A 
implies that this is the case when {A, B, E) is nuclear via {H ® B, tth ® 1a)- 

Now assume that B is fully embedded. Since every coefficient of {H ® A, tth 0 1a) is approx¬ 
imated by c.p. maps of the form b i—!> j lo'' some state ip and Oi G A, bi G B, by 

the preceding lemma and Corollary 13.2.51 we have {H ® A,'Kh ® 1a) ^univ {A, t). Thus, thanks 
to Proposition 13.3.41 we have 


{A, Aa) ^univ {L {A, E) 0 E 0 1b0a) ^univ {L {A, E) 0^ A, ITE 0 1a)- 
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We note that it A or B is simple, then c : B ^ A is full. 

Example 5.1.4 (Continuous fields of nuclear C*-algebras). Let A be a continuous filed of unital 
nuclear C*-algebras on a compact Hausdorff space X, that is, there is a unital embedding C{X) C 
A' A A, such that, the quotient maps : A ^ A^ •= Aj where Jx is the closed ideal generated 
by the kernel of the evaluation map ev^, : C{X) —>• C at x, satisfies that X B x |lp'^(a)|| € C 
is continuous for each a G A and A^ is nuclear for each x G X. Assume that there exists a 
conditional expectation E : A ^ C{X) such that for each x G X there exists a nondegenerate 
state on A^ satisfying qyx oE = (p^ op^. Then, the triple {A,C{X), E) is strongly nuclear (see 

m)- 

For the reader’s convenience, we give a sketch of the proof of this observation. Since every 
vector in L'^{A,E) ^c(x) ^ is (^(^(-central, it suffices to show the nuclearity of {A,B,E). Fix 
a G A and e > 0. For each x G X, the nuclearity of A^ implies that there exist find finitely many 
vectors ^x,i G Aq A C Lp‘{A,E) ®c(x) A such that ||p"’(a - Since A is a 

continuous field, we can find an open neighborhood Ux of x such that \\p^— ^ 

for y G Ux- By the compactness of A, there exists a finite subset E C X such that X = 
Uxge be a partition of unity for this covering. Then, the vectors {^x,ihx }xge.z 

in L‘^{A, E) ®c(x) ^ do the job. Indeed, we have 

ll«- ,a^x,^hy‘^)\\ = sup||||p^(a- '^'^{^x,i,a^x,i)hx{y))\\ 

x^F i xGF i 

< sup E '^^{^x,iT 0,^x,i))\\hx{y) < s. 

x^F i 

When B is finite dimensional, relative nuclearity implies strong one thanks to the following 
proposition. 


Proposition 5.1.5. Let B G A be a unital inclusions of C*-algebras with B finite dimensional. 
If X G Corr(A) has the UFP, then X has the B-CCPAP. 

Proof. Write B = Let be a matrix unit system of Take a finite 

subset ^ G A and e > 0 arbitrarily. By the the UFP, we can find ^i,..., G X in such a way 
that 




< 


k=l 


maxi<r<p n(r)2 


1 < r, s < p, 1 < i,j < nir) 


and YJk^i{£.k,f,k) < 1- Set r]k := YJi=i for 1 < fc < m. Then, we have e^^^rjk = 

= rjkeij\ and hence % is B-central. For a G ^ we have 

m m / p ri{r) p n(s) \ p n(r) n(s) m 

Zte,«%) = E (e Z 4>e»S?. oE E 44'S? > = E E E E »S:’ <f • 




k—1 \r=l i—1 
p n{r) n{s) 


s^l 


EEE' 

r,s—l i—1 j—1 


/ p n(r) 


r,s=l i—1 j—1 k—1 
p "(s) 


EE' 

s=l j=l 


(s) 


AAJA Js) (A _ 

yr=l i=l 

We else have Et. (», w) = E4i E"i’? e,?«.4?f)eS'’ < ES' 4’ = L. 
The following proposition is important in terms of Theorem |D] 


□ 


Proposition 5.1.6. Let B G A be a unital inclusion of C*-algebras with nondegenerate condi¬ 
tional expectation E. Suppose that B is finite dimensional. Then, A is nuclear if and only if 
there exists a unital countably generated {Z,fz) G Corr(i?) such that Z admits a B-central vector 
C G Z with (C)C) = 1b o.nd {A,B,E) is strongly nuclear via {Z,fz)- 
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Proof. The ‘only if’ part follows from Proposition l4.2.3l Suppose that A is nuclear. Take a faithful 
♦-representation tth ■ B —>■ By Example 15.1.31 we have (A, Aa) ^univ (L^iA,E) iS)b {H ® 

B) ®B A, tte 0 0 1a)- Thanks to the previous proposition and Proposition [3331 it enoughs 

to find a unital countably generated {Z, ttz) S Corr(i3) containing a B-central normal vector and 
satisfying that {H ® B^eh ® 1) ^univ Write B = and set n := X)r=i 'n{r). 

Let i : B ^ M„ be the natural embedding. Since M„ is simple, this embedding is full, and hence 
we have {H 0 M„,7r// 0 1) ^univ (M„,t) as i?-M„ C*-correspondences by Example 15.1.31 Let 
$ : M„ B he the canonical trace preserving conditional expectation. We then have 

{H Z) B,tth Z) 1 s) ^univ (iL0L2(M„,$),7r//0l) 

^univ (L2(M„,$),7r<i,). 

Therefore, (L^(M„, $), 7 r$ o i) g Corr(i?) and G L^(M„, $) are the desired ones. □ 

5.2. Tensor products, subalgebras of finite index, and relative amenable groups. 

Example 5.2.1 (Tensor products with nuclear C*-algebras). Let A and B be unital C*-algebra 
and / : A —)> C be a nondegenerate state. Then A is nuclear if and only if the triple {A®B, C1a0 
B,f'Z> ids) is strongly nuclear. Indeed, if A is nuclear, then there exists a net ifi G pHf<»A 
approximates idA®B- Since X := 0 S, / 0 ids) 0 b (3 0 B) is isomorphic to (iJ/ 0 A) 0 B, 

the V’i 0 ids belongs to pB'nx- Conversely, suppose that (kl 0 i?, i?, / 0 ids) is nuclear and take 
a net (pi G Tx converges to idA®B- If g be a state on B, then A 9 a i—>■ (idA 03) o 'ipi{a 0 1b) is 
nuclear and converges to idA- 

Example 5.2.2 (Finite Watatani index). Let 1 a G B C kl be a unital inclusion of C*-algebras 
and assume that there exists a conditional expectation E : A ^ B oi finite Watatani index, 
that is, there exists a finite family of elements , called a quasi-basis, G A such that 

a = UjE(u*a) = E(auj)u* holds for a G A. Then {A,B,E) is strongly nuclear. 

Recall the fact that the element e := 3)^1 (called the index of E) is an invertible element 
in Z(A) = A' r\ A Lemma 2.3.1]. Letting ^ := ® G Lf{A, E) 0b A we have 

n n n 

{xE{a) 0B 1a)C = ^ aui 0 ^ ^ UjE(u*aUi) 0 

2—1 2 = 1 j — 1 

n 71 71 

= ^ Uj 0 ^ E{u*aui)u*e~^^'^ = ^ Uj 0 u*ae~^^'^ = fa, 

j=i i=i j=i 

hence f G A' Ci {L‘^{A,E) iZb A). Since {f,f) = e~^ UiE{u*Uj)u* = 1a, we get Il^(a) = a 

for all a G A. 

Example 5.2.3 (Finite probabilistic index). Let B C A he a unital inclusion of C*-algebras. A 
conditional expectation E : A ^ B is said to be finite probabilistic index finite if there exists a 
constant A > 0 such that X~^E — idA is a positive map on A. In this case, the triple {A,B,E) 
is nuclear. We show that {X,ttx) '■= {Lf{A,E) 0b A,'ite 0 1a) has the UFP. By [FKl Theorem 
1] there exists /r > 0 such that ii~^E — idA is completely positive. Let C be any C*-algebra and 
tr : A 0 C —>■ M{H) be any nondegenerate representation. Fix di® Ci G Aq C and f G H 

arbitrarily. We observe that [pL~^E{a*aj) — G M„(A) is positive. Hence, we get 

71 71 71 

||^CT(aj0Ci)^f = {f, aA{a*aj)ac{c*Cj)f) < Y ^A{E{a*aj))ac{c*Cj)f) 

i—1 i,j—l i,j—l 

71 71 

= Y '^Ei.afjfE 0 1a 0 CTc(Ci)Cf < Y ® Ci)|P||CII^- 

2=1 2=1 

Hence, the mapping 4>xi^i ® ® '-*) bounded. 
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Remark 5.2.4. We note that ii E : A ^ B is Watatani index finite, then it is probabilistic 
index finite 1 [W1 Proposition 2.6.2]). When A is simple, the converse holds true by [H Theorem 
3.2]. Let r be a finite group acting on a unital C*-algebra A by a. By averaging we obtain a 
conditional expectation from A into the fixed point algebra A°^. It is clear that — idA 

is positive. Hence, if A is simple, then {A,A°‘,Ea) is strongly nuclear. Thus, there are many 
example of strongly nuclear triples that are not ones arising from crossed products. 

Example 5.2.5 (Co-amenable subgroups). Let A < T be an inclusion of discrete groups. Recall 
that A is said to be co-amenable in T if there exists an left invariant mean on .£°°(r/A) for 
the action of T on T/A by the left multiplication. When A is a normal subgroup of T, this is 
equivalent to the amenability of the quotient group T/A. The compression map by the orthogonal 
projection onto £^(A) C ^^(T) gives a conditional expectation E : C*(r) —>■ C*(A) such that 
E{Xg) = 0 whenever g ^ A. Then, (C*(r), C*(A), E) is nuclear if and only if A is co-amenable in 
T. Moreover, if A is a co-amenable normal subgroup of T, then the triple is strongly nuclear. 

Suppose that A is co-amenable in T. Fix a finite subset (J C T and e > 0 arbitrarily. We 
denote by tt the quotient map from T onto T/A. By m Theorem 4.1] there exist a finite subset 
F C T/A such that |F| — \g~^F n F| < e|F| for g € Take a lift G C T of F, i.e., 7r(G) = F 
and |F| = |G|. Letting ^ S/gG '^/ ® G L^(C*(r), E) (8)c*(a) C*(r) we have 

(e,Age) = ^ E A/F(A}A,A,)A^= '^’ a, A, 

' ' f,heG ' ' 

for all g G d- In the case that A is a normal subgroup, the vector ^ is C*(A)-central. 

Conversely, if (C*(r), C*(A), E) is nuclear, then the group von Neumann algebra L(r) is injec¬ 
tive relative to L{A) by Proposition 14.4.41 By |MP1 Corollary 7], this implies the co-amenability 
of A in P. 

Remark 5.2.6. By |MP] [Pej there are triples of groups K < H < G such that K is co-amenable 
in G but not in E[. Thus, the example above says that A := C*(G), B := C*{H), and G := C*{K) 
satisfy that {A, C, E) is nuclear and {B, G, E\b) is not nuclear, where F : A —>■ G is the canonical 
conditional expectation as above. We also note that there is a conditional expectation from A to 
B. 

5.3. Crossed products. Let R be a unital C*-algebra and a : P cv R be an action of a discrete 
group. Let R Xq, P and R Xa,r P denote the full and reduced crossed products, respectively. We 
denote by a** the action of P on R** induced from a. 

Definition 5.3.1 f [ADl[ Definition 4.1]). Let R be a unital C*-algebra and P be a discrete 
group. An action a : P —^ Aut(R) is said to be amenable if there exists a net of functions 
(fii : P —>■ Z{B**) with a finite support such that 

• Eger ‘P^i9)*‘P^i9) < 1 for ah i, 

• Eger ‘Pii9)*<^*f*{‘fi{f~^9)) converges to 1 cr-weakly for all / G P. 

Proposition 5.3.2. Let a : T r\ B be an action of discrete group and A := B P. Then, the 
following are equivalent: 

(1) The action a :T r\ B is amenable. 

(2) There exists a net of vectors in the linear span of G Lf(A,E) A** \ ^ G 
R' n {L‘^{A,E) iZb A), X G Z{B**)} such that {£,i,£,i) < 1 and Ll^.{a) converges to a 
(7-weakly for a G A. 

(3) The triple (A,B,E) is nuclear. 

When B is commutative, these conditions are also equivalent to 

(4) The triple {A,B,E) is strongly nuclear. 
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Proof. We first prove (1) => (2): Take a net € Cc(r, Z(B**)) in the definition of amenable 
actions. We set := ® ®b A**. Since (pi{g) S Z{B**) we get 

fi & B' C\ E)®b ^**)- For any h G B and / G F we have 

{fz, (T^xibuf) (g) 1 a**)?*) = EE {ug (g) u*g(p,{g), bufh (g) ulipi{h)) 

ger her 

= E P^iaTug {u*gbug) u)^,gipi{f-^g) 
ser 

= ^E‘^*(5)*a/(V5i(/"^5))j buf, 

which converges to buf by the choice of ipi. We also have (?i,?i) = X)ger ‘^*(5)*‘^*(5) — 1- Since 
A is the closed span of {bug \ b G B, g G T}, we get (2). 

We next prove (2) (3): Approximating in (2) by vectors in Lf{A,E) ®b A we get 

? 7 i G L^(A,E) 0B A such that fig. converges to idA point cr-weakly. 

We show (3) => (1): Assume that (A,B,E) is nuclear. Let B C ]B(B) be the universal 
representation. Then, A is realized as a u-weakly dense subalgebra of B**xia**r C B(B0£^(r)). 
By Proposition 0331 B** XI a**F is injective relative to B**, and hence a : F rv i? is amenable 
thanks to |AD31 Proposition 3.4]. 

Now we suppose that B is abelian. The implication (4) => (3) is trivial. We show (2) => 
(4): Since Z(B**) = B** = B" holds, we can approximate the in (2) by S-central vectors in 
L'^{A,E)0b A. □ 

Proposition 5.3.3. Let B and a : T r\ B be as above. IfT is amenable, then the {A,B,E) is 
strongly nuclear. 

Proof. Since F is amenable, there exist Fplner sets Pi C F. If we put := J2geFi ^g®'^*gz 

then fi is i?-central and we have fl^^(ug) = fl g~^P\ug, which converges to Ug in norm 

for all 5 G F. □ 

5.4. Groupoids. 

Definition 5.4.1. A groupoid Q is given by a unit space and range and source maps r,s : 
Q —?> and the multiplication ■= {(^g^h) G G xG \ s(g) = r{h)} —^ G] (g, h) i-A gh satisfying 

that 

• s{gh) = s{h) and r{gh) = r{g) for {g,h) G G^^\ 

• s(x) = r(x) = X for cc G 

• 5 = rig)g = gs{s) for g gG, 

• every g has the inverse g~^ G G such that gg~^ = r{g) and g~^g = s{g). 

A topological groupoid is a groupoid with a topology such that range, source, multiplication 
and inverse maps are continuous. Here the topology on is the relative topology in G x G. A 
topological groupoid is said to be etale (or r-discrete) if s and r are local homermorphisms, i.e., for 
any g gG there exists a open neighborhood U oi g such that r\u : U —>■ r{U) and s |(7 : U —>■ s{U) 
are homeomorphisms. 

In what follows, G denotes a locally compact Hausdorff etale groupoid. For x,y G we set 
Gx '■= G^ '■= T~^{y), and G% '■= Gx H G^■ We note that Gx is discrete in G and G^'^^ is 

clopen in G- For ip,'ip G Cc{G) we define the convolution product and the adjoint by 

(p*ilj{g) := ip{h)'tf{k), ip*{g) := 

hk—g 
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Since is clopen in Q, we have C Cc{Q)- We note that for tp G Cc{G) and ip G Cc{G^^^) 

we have 

(fi * ip{g) = g}{g)ip{s{g)) ij: * ^{g) = 'tp{r{g))<f{g). 

In particular, for G Cc{G^^'^) we get ip * tp'ix) = ip{x)ip'{x). Therefore, if is compact, 
the Xg(°) forms the unit of {Cc{G), *)■ 

We also note that Cc{G) forms an inner product C'c(C/*'°^)-module in the following way: for 
^,11 G Cc{G) and ip G Cc(G''°^), define 

(C‘/?)(<7) =C(gMs(g)) ^ p{g)v{g). 

g&Gx 

We denote by L‘^{G) the Hilbert ( 70 ( 1 /)-module given by completion of Cc{G)- Define the left 
regular representation A : Cc(G) 9 p ^Cc(G)iL^(G)) by \{p)ip := p * ip. The reduced 

groupoid C*-algebra Cp(G) of G is the completion of the image of A in Lc^(g)(L^(G)). As noted 
above Cp(G) is unital if G^^^ is compact. The restriction map from Cc(G) onto Cc(G^^^) gives the 
conditional expectation E from Cp(G) onto Cc(G^^^). 


Definition 5.4.2. We say that G is amenable if there exists a net of positive functions //,/ G Cc(G) 
such that 


lim sup 
i seif 


Piih) - 1 | = 0 , 


h^g. 


(s) 


lim sup 
i g&K 


E 


\pi{hg) - pi{h)\ = 0 


for all compact subset K oi G- 


Lemma 5.4.3 (' |B01 Lemma 5.6.12]). For p G Cc{G) we set ||:/5||/,s := sup 2 ,gg(o) J2geg^ l'^(ff)l- 
Then, it follows that ||A(i^)|| < max{||i^|l/^s) ||‘/ 5 *|| 7 ,s}- 


To simplify our proofs, we use the following ad hoc notation and terminology. For a subset 
K d G and x,y G G^°^ we set Kg, := K D Gx, := AT fl G^, and Kf. := Kg, fl . We also say 
that a subset U C t/ is a G-set if r\u and sj// are homeomorphisms. We note that if (7 is a t/-set, 
then I Ha; I < 1 for all x G G^^^ ■ 


Lemma 5.4.4. For any compact subset K C G we have Ck '■= sup^jg^co) max{|Ara;|, |Ar“|} < oo. 

Proof. By the compactness of K, there exists a finite family of open t/-sets {Ui}i^x which covers 
K. Fix X G G^°^. If 5 S Kg; belongs to g S Ui, then we have {Ui)x = { 5 }. This implies that 

SUPa;gg(0) \Kx\ <\I\. □ 


Lemma 5.4.5. Let V Cl G be an open G-set and v G CdG) be arbitrary. //supp(j/) C V holds, 
then A* 0 Aj^ is a Co{G^^'^)-central vector in L^{G) ®Co(e(°b ®C*(t/). 

Proof. Set rv := r\v : V —>■ r(V) and sy := sjy : V —?> s(I7). Fix p G (7c(t/^'’^) arbitrarily. 
Since G is locally compact and Hausdorff, we can find a open subset U d G such that supp(z/) C 
U d U d V. By Urysohn’s lemma we can find a function ip G Cc(G^^^) such that 0 < "0 < 1, 
dls(U) = 1, and supp('0) C s(H). Let 9 := sy ° {ry) ^ : r{V) —>■ s(H). Since supp(((/ 9 ^) o 9) d 
ry o (sy)“^(supp('(/')) C r{V), we can extend {pip)o9 to p G CdG^^'^) in such a way that p{x) = 0 
for X G G^^^ \ x(V). We will show that p * y* = y* * p. We observe that both of p * y* and 
y* * p vanish on t/ \ U~^. For g G U we get p * y*{g~^) = p{r{g~^))y*{g~^) = p(s{g))y*{g~^) = 
{pip){s{g))y* {g~d = F{'c{g))y* {g~d = {g~^)F{s{g~'^)) = v* * p{g~d. Thus, we have p*y* = 

y* * p, and hence A(:/j)A(y*) 0 A(y) = X{y* * ^) 0 A(y) = A(y)* 0 \{p*y) = \{y)* 0 A(y)A(:^). □ 


Theorem 5.4.6. A locally compact Hausdorff Stale groupoid G with G^^'^ compact is amenable if 
and only if {Cp{G),C{G^^'^),E) is strongly nuclear. 
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Proof. If {C*{Q),C{Q^^'>), E) is strongly nuclear, then C*{Q) is nuclear by ProDOsition l4.2.3l By 
Eoi Theorem 5.6.18] this implies the amenability of Q. Conversely, suppose that G is amenable. 
Fix a finite subset ^ C Cc(G) and 0 < e < 1/10 arbitrarily. We will show that there exists a 
C'(t/(°))-central vector f G L‘^(G) 'S>c(g(o)) G*{G) such that ||A(v?) — 11^(A((/3))|| < 9e for all (p G 
Since is compact, we may assume that 1 G 5^. Set K := Uc^gS supp((/?)“^. Then, 

K is compact. By the amenability of G, we can find p, G Cc{G)+ such that 


sup |1 
gGiC 


< 

he0r(g) 



sup V - fj,(hg)l < 


We note that for any g G K and h G Gr(g) h follows that g,{h),fi{hg) < 3. Indeed, fi{h) < 
^ I - 1 | + 1 < 2 and g{hg) < \g{hg) - fi{h)\ + g{h) < 3. 

Since G is locally compact and Hausdorff, we can find a compact subset and open subset O 
in such a way that supp(/i) C O C K^. By continuity of there exists a finite open covering 
{Ui}i£i of supp(^) consisting of t/-sets and gi G Ui such that \p{giY^‘^ — < e/(C k^Ck) 

for all h G Ui and i G X. We may assume that Ui C O C Let {r'ijiGi be a corresponding 
partition of unity and set /3 := EiGiWe note that ||/3 — < ^/{Ck^Ck)- 

Set 9i := and f := Ezgi® A(0i). By the preceding lemma this f is C{G^^^)- 
central. For (p G S we denote by p the element in Cc{G) corresponding to ^^(A^). We fix g G if 
arbitrarily and set y := r{g). For any ijj G Cc{G) we define '(/'(*) := 0. When {Ui)y 7 ^ 0 we denote 
by hi a unique element in {Ui)y. When {Ui)y = 0, we set hi := *. We also define *5 := *. We 
show that 


( 1 ) 


Pia) = I XI K9jY^'^v,{hi)vj{h^g) I p{g). 


Firstly, letting pij := Oi * p * 9*\g(o) we have 

i,jei i,jei 


Hence, for i,j gX we have 

(2) 9* *pij *ej{g) = E d*{h)p^j{k)9j{k-^h-^g) ^9,{h^)p^j{r{h^))9J{hig). 

heG^ keG<'''> 

Set 0 := r{hi). The equation ([2]) implies that hig belongs to {UjY whenever 9* * pij * 9j{g) Y 0- 
In this case, we have 


PiYz) = 9i*p*9*{^z)= E E (^i(.h)p(k)9*(k ^h ^z) 

heG‘ keG‘'-^^ 

= 9i{hi) E p{k)9j{hik) = 9i{hi)p{g)9j{hig). 
kegy 

Thus, we get O- 

Next, we take a subset J CX in such a way that the sets Xi := {j gX \ hi = hj}, i G J satisfy 
that X = \_\i^jXi. We then have 

E h{g^Y^^K9jY^'^^^ih^)v3ih^g) = Yhigjf^'^^jVT-ia) 

ioeJieiio jei 
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io&J ieXiQ jei 

= '^^{.K)P{hig). 
i^J 

By the choice of g. we have |1 - = |1 “ Hhagy 9‘i^)\ < s/Ck- Since ||y)||oo < 1, 

\J\ < Cxy, \P{hi)\ < 11/3 - /i^/^lloo + < 1 + a/ 3 < 3, and \P{hig)\ < ||/3 - /x^/^||oo + 

\g{uy'^g)^/'^\ < 1 + \/3 < 3, we have 


1^(5) -35(5)1 


< I X! /3(^i)/3(^*5) - Khi)\ 

iej 


£ 


< I P(.hi)P{h^g) - g{h^y/^g{higy/'^\ + \ ^ gih^y/^{g{h,gy/^ - 

i<£j i<£j ^ 

< 11/3 - g^^^Woo + I + 7^ 


By the Cauchy-Schwartz inequality and the fact that |a^/^ — < |a^/^ — + 6^/^) = 

|a — b\ for all positive real numbers a,b > 0, we have 

iej" yiGj ) \i<£j ) 


1/2 


1/2 


< XI X l5(%)-5(fc)l 


< 


\^h^Qy 

2s 


. kSiQy 


Therefore, we have \(p{g) — 35 ( 5 )! < ^ejCK for all g & K. Since supp(i 7 ) C K and supp(^) C K, 
we now have 

II35 - ^l|/,s = sup X 135(5) - ^(5)1 = sup X 135(5) - ^(5)1 




g&Qa: 


eq(o) 


g^Kx 


= sup Cxlg^ig) - < 7 ( 5)1 < 9e. 

g(£K 


Since K = K~^, we also have II 7 * — 7*11/,s < 9e. Therefore, we get ||A( 7 ) — n^(A( 7 ))|| < 9£ for 
all 7 G 5^. Hence, we obtain a net of C(C/^°^)-central vectors {^iji such that converges to the 
identity map on the dense subspace C'c(t/) C C*(C/). In particular, we have = ||(^i,Ci)ll ^ 2. 

Thus, forms a bounded net, and hence converges on the whole C*(C/). □ 


6. Weyl-von Neumann-Voiculescu type results 

The main result in this section is Theorem 16.31 below, which says that weak containment is 
characterized by a certain Weyl-von Neumann-Voiculescu type assertion. Our proof is based on 
Arveson’s argument |Arj . We use the condition (3) in Theorem l3.2.1l and Corollarv l3. 2. 51 instead 
of Glimm’s lemma. 

We denote by {dnlJ^Li the canonical basis of £^(N) and by G ]B(£^(N)) the orthogonal 
projection onto C(5„. Recall that a C*-algebra B is said to be a-unital if it admits a countable 
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approximate unit. Recall that every separable C*-algebra is tr-unital. The following lemma can 
be found in the proof of |Kal Lemma 10]. Thus, we give only a sketch of proof for the reader’s 
convenience. 

Lemma 6.1. Let A and B be C*-algebras with A unital separable and B a-unital. Then, for any 
finite subset 5^ C ^ and e > 0 there exists a sequence of positive elements C IKb(^1_b) 

such that each e„ has the form of pi ® bi for some € B, — ^Hb 

strictly, and 

oo oo 

a - ^ e„ae„ £ Kb{Hb) fora G A, \\b - ^ e„6e„|| < e forb€^, 

n—1 n—1 

where the infinite sums converge strictly. 

Sketch. Set := ^ and take an increasing sequence of finite subsets S'! C 152 C • • • C ^ such 
that is norm dense in A. Take a countable approximate unit {vn}n>i of B. Consider 

the following two separable C*-subalgebras of ]Lb{Hb), 

A := C*{lHB,^,Pn <8 Vm,n G N,to G N), J := C*(p„ (g) Vm,n G N,m G N). 

Since ® forms an approximate unit oi J <Z Kb{Hb) = K(£^(N)) (g) B, applying 

|Arl Theorem 1] to {Y^^=iPi and fl < A we obtain a countable quasicentral approximate 

unit {u-ra}^i contained in the convex hull of {pn (g) Vm}n,m C Kb{Hb) satisfying that ||[a, (u„ — 
< e/2” for a G S'„. Here we set uq := 0. Then, the e„ := (it„ — is the desired 

one. □ 


Lemma 6.2. Let A and B be C*-algebras with A unital and (Y,tty) G Corr(H, B) be unital. Let 
(fi G CP{A,1,b{Hb)), G Rep(B), and G B be given. For the compact operator 

e = jy^=iPi C) G Kb{Hb), we define the c.p. map 

ip : A ^ Kb(Bb); a i—>■ e*Lp{a)e. 

If {A (g)<p Hb,\a®Ihb) Y, then for any finite subsets ^ C A, X C M{Hb (g)B K)*, and e > 0 
there exist m gN and V G Lb(Bb, Y (g) C™) such that V*V < e*ip{l)e and 

Ifii'ifia) - V*7r^{a)V) O 1^)1 < e, aGdjGX. 

When the given (K,ttk) is the universal representation of B, the above V can be chosen in such 
a way that ||■^/'(o) ~ R*7ry (a)R|| < e for a G 


Proof. For each a G A, the support and range of V’(a) are contained in C" 0 B, we can regard 
ip{a) as an element in Kb(C" 0 B). Put ( := {Ia 0 ((^i 0 bi), ..., 1a 0 (^n 0 &«)) G {A 0,^ Hb)^ 
Then, via the isomorphisms ]Kb(C” 0B) =M„(B) and ]B((C”0B)0BiL) igB(R'"), the operator 
ip{a) and ipia) 0 Ik are identified with Lt(^{a) and o respectively. By Lemma r3.3.31 we 

have {A 0,^ Bb)„ ^k^ Fn- Thus, there exist ..., G Y„ such that 


( 3 ) 


r (n) 

f°^K 




k=l 


AB) 


< e, aG^J GX 


and < ^c(l) = e*ip{l)e. Write G F„ with G Y and 

set fi := G F™. Define V G 'Lb{Hb,Y"^) by V{Si 0 6) = for 1 < i < n and 

V{Si (A b) =0 for n < i. For a G A, via the isomorphism ]Kb(C" 0 B) = M„(B), the operator 
F*7ry (a)F is identified with [Hi, t^y j=i- the other hand, one has 




fc=i 








gi=i 
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Hence, V is the desired one. 

In the case that A Hb ^univ by Corollary 13.2.51 we can choose ..., in such a 
way that ||H,,(a) — < e for a S 5^ instead of ([3]) □ 


Theorem 6.3. Let A and B be C*-algebras with A unital and B a-unital and X be a eountably 
generated Hilbert B-module. For unital (T, Try) G Cott{A, B) and given (p G CP(2l, Lb(^)) and 
(KjTTji) G Rep(i?), the following are equivalent: 

(1) (H (g),^ X, Aa 0 1a) 

(2) There exists a net Vi G hB{X,Y°^) with ||V)*Vi|| < II'^(1a)|| o,nd (I^*7r“(a)V)) (g) \k 
eonverges to p(a) 0 Ik in the a-weak topology on ]B(X ®b K) for all a G A. 

Further suppose that p is unital, and {K,ttk) is the universal representation of B. Then, any of 
conditions above is also equivalent to 

(3) There exists a net of isometries Vi G Lb(X, Y°°)sueh that lirui \\V* iTy {a)Vi — </9(a)|| = 0 
for all a G A. When A is separable, we can choose the Vi as a sequence satisfying that 
V*'KY{a)Vi — <pia) G ]Kb(X) for all a G A. 


Proof. First, we show (1) ^ (2): It suffices to show the case that X = Hb- Indeed, by Kasparov’s 
stabilization theorem there exists a projection P G Lb(Hb) such that PHb = X. Hence, we 
can regard ip as a map into Lb(Hb). Since A 0,^ X = A Hb, we get A 0,^ Hb -<k X- If we 
obtain a net Vi G L,b{Hb,Y°°) as in (2), then ViP G 'Lb{X,Y°°) does the job. Fix e > 0 and 
finite subsets S' C H and X C Ball(]B(i?B 0 b K)*) arbitrarily. It suffices to show that there exists 
V G hB{HB,Y°°) such that ||F*F|| < ||</5(1)|1 and 

Ifiipia) - V*TT^ia)V) 0 1a)| < e, aG^,fGX. 


When A is separable, take an increasing sequence of finite subsets S = SiCS 2 C---cH such 
that A is the norm closure of When A is non-separable, set Sn := S for all n S N. 

Let A be the separable C*-subalgebra of Lb(Hb) generated by TiSn)- By Lemma IQ] we 
obtain a sequence of positive operators {en}5)C;^ such that each Cn has the form of Pi ® 

e™ = IffB strictly, and 


OO OO 

X - ^ e„xe„ G Kb(Hb) for x G A, \\p{a) - ^ e„(/j(a)e„|| < e/2 for a G S- 

n—1 n—1 


Let ipn '■ A ^ hsinB) be the c.p. map defined by e„ as in Lemma By Lemmathere exist 
d{n) G N and Wn G L_B(iJB,such that W*Wn < e„p(l)en and 


(4) 


/ ((T/„(a) - (IF/4(”^(a)IF„) 0 1^) 


< 2-”e, 


a G f G X. 


For any 5 G Hb and N G N onehasJ2n=iiWnf,WnO < ||‘/?(1)|| (C, E4i 40 < 14(1)11(00) and 
hence V := 0„ IF„ : Hb 0„ = Y°° is well-defined and satisfies that V*V < ||i^(l)||l. 

We observe that that F*7ry (a)F = I40'^y”Ha)tF„ for a G A. Now for any a G S and 

f G X we have 


\f{{p{a)-V*7r^{a)V)0lK)\ 


< 14(a) - ^riPia)e„\\ -G |/(^(T/„(a) - W/7r^^”^(a)IF„) 0 1 a)| 

n—1 n=l 

OO OO 

< 14(a) - X! enp{a)en\\ + X! I'C (('*/’"(“) “ Il07r^^”^(a)W'„) 0 1^^ 

n—1 n—1 


< e. 
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In the case that A Hb ^univ Y, by Lemma lOl we can choose Wn in such a way that 


V-n(a) - 


< 2-"e, 


ae^n 


instead of O- This implies that ||(/?(«) — ld*7r“(a)F|| < e for all a G We also have 
\\'4’nia) — IT*4"^(a)W„|| < oo holds for all a S Thus, if A is separable, then 

(p{a) — V*TTY(a)V G Kb{Hb) for all a G A. Moreover, if (p is unital, then we can choose V 
in such a way that ||1 — V*V\\ < e < 1. Set Vq := V{V*V)~^/‘^. Then Vq is an isometry and 
enjoys that ||V'(a) — (n)bbII < 5{s) for a G where S{e) is a positive number such that 

lirngx^o <5(£) = 0, and hence we get (1) => (3). 

Finally, we prove (2) => (1): Suppose that we have a net I/j G Lb(X, F°°) in (2). Fix 
^ ® ^ ^0 arbitrarily. Set (i := i^k)Vi^k S F°° and show that 

TTx o converges to 12^ point cr-weakly. Since {ttk o is norm bounded, it suffices to show 
convergence in the point weak operator topology. For any a G A and r] G K we have 


{r],7TK onQ.{a)r]) = ^ {^k r], {V^tty {akaai)Vi^i) r]) 

k,l^l 


m 

—)■ E {^k ® V, {p{akaai)^i) ® rj) 

k,l=l 

= xk o f2{(a). 

By Theorem 13. 2. II we get A (g),^ Hb Y"^. Since Y°° ^univ Y holds, we are done. □ 


Here is a characterization of weak containment for unital countably generated C*-correspondences. 

Corollary 6.4. Let A and B be C*-algebras with A unital and B a-unital. For unital C*- 
correspondences X,Y G Corr(H, i?) withX countably generated and a representation K G Rep(i?), 

X is weakly contained in Y with respect to K if and only if there exists a net of contractions 
Vi G Lb(X, y°“) and V*7rY(a)Vi 0 Ik converges to TTxia) 0 Ik cr-weakly in ]B(X 0b K) for all 
aG A. 


Corollary 6.5. Let A and B be C*-algebras with A unital and B a-unital. For unital C*- 
correspondences (X, ttx), (F, ttv) G Coti{A,B) with X countably generated, (X,Trx) ^univ (H, Try) 
if and only if there exists a net of isometries Vi G Lb(X, such that\im.i ||147rx(a)—7r“(a)V)|| = 
0 for all a G A. When A is separable, we may choose Vi’s as a sequence satisfies that ViTTxia) — 
7r“(a)14 G ]Kb(X, y°°) for all a G A. 

Proof. The “if part” follows from the preceding theorem. Let V G ’Lb{X,Y°°) be an isometry. 
One has 

{Vxx{a) - TT^ia)VnVTTxia) - Tr^{a)V) = ^x(a*)(7rx(a) - V*x^{a)V) 

+ {xx{a*)-V*xff{a*)V)xx{a) 

+ l/*7ry (a*a)y — 7rx(a*a). 

Thus, the assertion follows from Theorem 16.31 □ 

We note that Vi in the preceding corollary satisfies 7r“(a)l^l^* — Vitd*7ry (a) converges to 0 in 
norm, and is compact if A is separable. Indeed, 

^^{a)V,V* - VVfTrP’ia) = - Vxx{a))V* + Vfxx{a)V* - V*7T^{a)). 

Definition 6.6. Let A and B are C*-algebras. For {X,ttx), {Y,tty) G Coti{A, B) we say that 
(X,TTx) and (F, Try) are approximately unitarily equivalent, written (X, ttx) ~ (F, Try) if there 
exists a sequence of unitaries C/„ G Lb(X, F) such that Trx(a) — t/*Try(a)t7„ G Kb{X) and 
lim^^oo ||7rx(a) - t/*Try(a)l/„|| = 0 for all a G A. 
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We introduce a notation which is useful to prove the next theorem. Let X and Y be Hilbert 
H-modules and ■. A ^ L,b{X) and ip ■. hB{Y) be maps. For a subset 1? C A and £ > 0 we 
denote by ip ip if there exists a unitary U S Lb(X, Y) such that ip{a) — U*ip{a)U € Kb(X) 

and ||(^(a) — U*ip{a)U\\ < e for all a G g". We also write (p ^ tp A (p ip for any finite subset 

g C H and £ > 0. 

Theorem 6.7. Let A and B he C* -algebras with A unital and B a-unital. For unital C*- 
correspondences {X,ttx), (YjTty) G Corr(H, H) with X countably generated, {X,t:x) ^univ (Yj'ity) 
holds if and only if there exists a net of unitaries Ui G Lb(X © Y°°, Y°°) such that lim^ ||7rx(a) © 
7r“(a) —f7*7r“(a)f7i|| = 0 for all a € A. When A is separable, this is the case that (X©T, TTjf © 

(\AOO ^00\ 

7r^j-(y ,'Ky). 

Proof. Suppose that {X,ttx) ^univ Try). We only prove the case that A is separable since 
the proof for general A proceeds in the same manner. It suffices to show that tt^ © tt^ ^ . 

Since X°° ^univ ^ ^univ Y and X°° is also countably generated, we can apply the previous 
corollary and obtain a sequence of isometries 14 G hB{X°°,Y°°) such that VnTTxia) — tt^ (a)t4 
is compact and converges to 0 in norm for all a G A. Put := 1 — VnV* G LB(y°“). Then 
Un '■= Vn® Pn ■ © PnY°° —)► Y°° is a Unitary. Fix a G A. We have 

TTyiaPUn - Un{TTx{a) © P„7r“(a)P„) = 7r“(a)P„ + TT^? (a)I4 - PnTTY{a)Pn - VnTTxia) 

= 7r^ia)VnV: - VnV:xfp{a) + 7r??(a)I4 - I47r^(a), 

which is compact and converges to 0 by the remark above. Hence, for any finite subset g C 4 
and £ > 0 there exists n G N such that 7r“ '’^x © ^nTTy (■)-?«,■ Now we have 

TTA © TTy -- TTX © 7r“ © PnTTy (•)P„ -- 7r“ © P„7ry (•)P„ - TT^. 

(S.e) (5 .e) 

This implies that ttx © tt^ Tiy • 

Conversely, suppose that {X © Y°°,ttx © tt^ ) ^ (F°°,7r“). Then, we have {X © F°°,7rx © 
TTy) ^univ (T°°,7rf?), and hence {X,ttx) ^univ (^ © T°°,TTjf © tt^?) ^u„iv (F°°,7r5?) ^u„iv 
(4 Try). □ 

Definition 6.8 f |Skl Definition 1.6]). An A-B C*-correspondence X is said to be nuclear if for 
any n G N and any ^ = (4, • ■ ■ ,Cn) G A„ = A © C„ with ||^|| < 1, the c.c.p. map : A —>• 
M„(P);a [{^i,nx{a)^j)B]lj^i is nuclear. 

The nuclearity of a given C*-correspondence is characterized in terms of our weak containment. 
Recall that a c.p. map 9 : A ^ B is said to be factorable if there exist n G N and c.p. maps 
: A —7> M„ and ip : M„ —>■ A such that 9 = ip o p. The set of factorable maps from A into B is 
known to be convex. By Proposition 3.8.2] any c.c.p. map is nuclear if and only if it can be 
approximated by factorable c.p. maps in the point norm topology. 

Proposition 6.9. Let A and B be C*-algebras with A unital. Let H G Rep(A) be faithful and 
X G Corr(A, P) and K G Rep(P) he given. Then, X ^univ {H ® B,tth © Is) holds if and only 
if X is nuclear. 

Proof. Suppose that X ^univ H ® B. Since every c.c.p. map in can be approximated 

by factorable maps for n G N, {H ® B, tth © Ijl) is nuclear, and hence so is X by Corollary 13. 2. 51 
and Lemma r3.3.3l Conversely, suppose that X is nuclear and show the condition (2) in Corollary 
13.2.51 Fix f G X with ||^|| < 1, a finite subset g C A, and £ > 0 arbitrarily. Since is a nuclear 
map, we may and do assume that is of the form /3oa for some c.c.p. maps a : A —>■ M„ and /3 : 
M„ -G B. Let {Ha,Ti'a,Va) be the Strinespring dilation of a. Since (Ha,T^a) is weakly contained 
in (HjTTh) and a = with ij = (I4^i,..., t45„) G {Ha)n, by Lemma [3.3.31 again, there exist 

G P© C„ such that ||a(a) - («)ll < e for a G g. Let [xij]2j=i G M„(M) 
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be the square root of the Choi matrix ^ M„(M). Note that /3(ey) = 

Write ,..., with S H. Letting 77 ^^ := J2i=i Ci*^ ® xu & H ® M have 


m m / \ 

^oa(a) = ^y3f tt/j^ 

= 1:1:1: («."■>.'»(»)«:'■>> 4-« = E E Si,!« («) 

fe=l Z=l ij = l fe=l Z=l 

for every a € A, which implies /3 o a belongs to the point norm closure of jFh®a- 


□ 


We should remark that our results do not include original Voiculescu’s theorem lYU as well 
as Kasparov’s generalized one [Kal Theorem 5] completely. The following corollary follows from 
Theorem 16.31 and is a particular case of [Kal Theorem 5]. 

Corollary 6.10. Let A he unital separable C*-algebra, B be a-unital, tth ■ A -A M{H) be a 
faithful representation with H separable, and ip : A ^ hsiHE) be unital completely positive. Then 
{A®ip Hb, Xa <8 Ietb) nuclear if and only if there exists a sequence of isometries Vn € LB(JdB) 
such that 175(a) - K„*(7r^(a) (g) lB)f4 G ^b{Hb) and lim„^.oo ||(^(a) - V*{Trff{a) ® lB)t4|| = 0 
and a G A. 


7 . Relative KT-nuclearity 

7.1. Preliminaries on KKT-theory. In this section we prove that our strong relative nuclearity 
implies Germain’s relative KT-nuclearity. Firstly, we recall some definitions and facts on KK- 
theory. We refer to [BJ and jJT] for KTK-theory. 

Notation 7.1.1. For a trivially graded C*-algebra B, a graded Hilbert B-module is a Hilbert B- 
module X such that there exist closed submodules Xq and Xi of X, called even and odd parts of 
X, such that X = Xq © Xi. To make the grading clear, we will write X = Xq © Xi. An operator 
X G Lb(Xo © Xi) is said to be of degree i G {0,1} if xXj C (mod 2 )- A *-homomorphism 
(/> : A — 7 ^ Lb(Ao©Ai) is said to be of degree 0 if (/>(a) is of degree 0 for all a G A. In this case, there 
exist ^-homomorphism (fo : A ^ Lb(Ao) and (fi : A ^ Lb(Ai) such that (j){a) = (foin) © 4>i{a) 
for a G A. We will write (j) = (fo (B 4>i. 

Definition 7.1.2. For (trivially graded) C*-algebras A and B, a Kasparov A-B bimodule is a 
triple (X, (j), F) such that X is a countably generated graded Hilbert H-module, <() : A —>• Lb(X) 
is a ^-homomorphism of degree 0, and F G Lb(X) is of degree 1 and satisfies the following 
condition; 

• [F, 0(a)] G Kb(X) for a G A, 

• (F — F*)</)(a) G Kb(X) for a G A, 

• (1 - F2)0(a) G Kb(X) for a G A. 

If [F, 0(a)] = (F — F*)(f(a) = (I — F'^)(j}{a) = 0 for all a G A, we call (X, 0, F) degenerate. 
We denote by E(A,F) and D(A, F) the set of Kasparov A-B bimodules and degenerate ones, 
respectively. 

We say that two A-B Kasparov bimodules (X, 0, F) and (Y,0’,G) are unitarily equivalent, 
denoted by (X, 0, F) = {Y,'tf,G), if there exists a unitary U G L(X, T) of degree 0 such that 
0 = C/0(-)t/* andF = UGU*. 

For a C*-algebra B we set IB ■.= B ® C[0,1]. We identify IB with C([0,1],F), the space 
of F-valued continuous functions on [0,1]. For t G [0,1] the evaluation at t is the surjective 
^-homomorphism, still written t, from IB onto B defined by t{f) := f{t) for / G IB. If X is 
a Hilbert /F-module, then the pushout Xj of X by t is a Hilbert F-module. For (X, ttx) G 
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Coit{A, IB) we denote by (ttx)* the *-homomorphism A 9 a i-A Trx{a)t G hB{Xt). For a 
Hilbert H-module X, we set IX := X ® Cp,!]. We also identify IX with the Hilbert lA- 
module 1],^) of X-valued continuous functions on [0,1] equipped with the inner product 
{f^g)iA{t) '■= for f,g & IX. The following proposition is probably well-known, but 

we give its proof for the reader’s convenience. 

Proposition 7.1.3. Let X be a Hilbert A-module. Then, for any strict continuous, norm bounded 
path {a;t}o<t<i G Lx(^), there exists a unique operator x G 'Lia(,IX) of which the evaluation at 
t is Xt- Conversely, for any element y G hiA^IX), the evaluations {yt}o<t<i of y defines a strict 
continuous, norm bounded path in Lb(X). 

Moreover, an operator z is in ]K/x(l^) if and only if the corresponding path is a norm con¬ 
tinuous path in ]Kx(^). 

Proof. Let {a;t}o<t<i G Lx(^) be strict continuous and norm bounded. Fix / G IX arbitrarily. 
Indeed, for any t, s G [0,1] we have ||a;t/(t) - Xs/(s)|| < \\ixt - Xs)f{t)\\ -f ||xs|||l/(t) - /(s)||. 
Since Xt is norm bounded and strict continuous, t i—>■ Xtfft) and t i-A- x^fft) define elements in 
IX. Hence the mapping x ■. f ^ \t^ Xtf{f)\ is the desired element in I^ia{IX). 

Conversely, let y G hjA^IX) be given and {yt}o<t<i be the corresponding evaluations. For 
^ G X, let ^ 0 1 G X (g) Cp, 1] = IX be the constant function. We then have ytf = [y(^ 0 l)](t) 
for all t G [0,1], which implies {yt}o<t<i is strictly continuous. The third assertion follows from 
the isomorphism K{IX) = ]K(X) 0 Cp, 1] = (^([0,1], K(X)). □ 

Recall that for X = {X,(j),F) G ¥,{A,IB) the evaluation at t G [0,1] is the Kasparov A-B 
bimodule Xt := {Xt, (ft, Ft). 

Definition 7.1.4. Two Kasparov A-B bimodules X and y are said to be homotopic is there 
exists a Kasparov A-IB bimodule Z such that X = Zq and y = Zi. The KK{A, B) is the set of 
homotopy equivalence classes of all A-B Kasparov A-B bimodules. 

Let X = {X, (j), F), y = {Y, -if, G) G E(A, B). We denote by [X] = [X, (f, F] and [3^] = [F, fj, G] 
the elements in KK{A,B) corresponding to X and y, respectively. The addition of [X] and [F] 
is defined by [T’]-|-[F] := [<T©F], where X(By = {X (BY, F (BG). All degenerate Kasparov 

bimodules are homotopic to the trivial bimodule 0 = (0,0,0) and define the zero element in 
KK{A, B). Write X = Xq (B Xi and set —X := Xi © Aq. Let U : X ^ —X be the canonical 
isomorphism and set (f- := U(j){-)U*. The inverse of [X] is represented by —X := {—X, (/>_, —F). 
If ()) : A —>■ i? is a ^-homomorphism, then (H © 0, </>© 0, 0) defines a Kasparov A-B bimodule. We 
still denote by </> the element in KK{A, B) corresponding to (H © 0, </> © 0, 0). 

Let A, B and G be C*-algebras. For x G KK{A,B) and y G KK{B,G), we denote by x©By 
the Kasparov product of x and y. 

Let / : A —>■ H be a *-homomorphism. Then, f* : KK{B,C) -A KK{A,C) is the group 
homomorphism given by E(i?, G) 9 {X, (f), F) i-9 f*{X, (f>, F) := {X, (fof, F) G E(A, G). Similarly, 
the /* : KK{G,A) -A KK{G,B) is defined by E(C', A) 9 {Y,'>p,G) i-9 f^.{Y,f},G) := {YZ)f B, ipZ) 
1,G© 1) G E{C,B). Let x G KK{B,C) be an element represented by {X,(p,F) G E{B,C). If 
f : A ^ B and g : C ^ D are *-homomorphisms, then we have / ©s x = /*(x) = [X, (p o f,F] 
and X ©c 9 = 9*{^) = [A ©^ D, <() © 1, F © 1]. 

Definition 7.1.5. An element x G KK{A,B) is said to be a KK-subequivalence if there exists 
y G KK{B, A) such that idx = x ©s y. When idx = x ©s y and ids = y ©s x hold, we say 
that X is a KK- equivalence. In this case, the A and B are said to be KK-equivalent. 

If X G KK{A, B) is a FA-equivalence, then for any G the mappings x ©s (•) : KK{B, G) -A 
KK{A,C) and (•) ©x x : KK{G,A) -A KK{C,B) are isomorphisms. In particular, we have 
A*(A) = K^,{B) if A and B are CT-unital. 
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7.2. Strong relative nuclearity implies relative if-nuclearity. The main result of this 
subsection is Theorem 17.2.61 This technical theorem plays an important in ? ^8.2I 

For a Hilbert H-module X we denote by Jx the degree 1 unitary J] S 1^a{X 0 X). 
Since /(X“) = (X°°) 0 Cp, 1] = ^ X 0 Cp, 1] = we will write /X“. For 

C*-correspondence (X, ttx ) we set {IX, mx) '■= {IX, xx 0 lc[o,i])- 

Definition 7.2.1 f |Ge21 Definition 3.4]). Let 1^ £ i? C be a unital inclusion of C*-algebras 
with a conditional expectation E : A ^ B. We say that A is K-nuclear relative to {B, E) if the 
C*-correspondence (X, ttx) := {L‘^{A,E) (Sib A,tte 0 1a) satisfies the following: 

(i) there exist unital *-homomorphisms 7r+ and tt~ from A into L/a( 7X°°) such that X = 
(/X°°©/X°“, tt+Stt", J/v”) £ E(A, I A), i.e., 7r+(a) —•7r“(a) £ K7 a( 1^X“) for all a £ H; 

(ii) 7r+(6) = TT~{b) = 7rf^(6) for all b £ B; 

(hi) the evaluation of X at t = 1 is degenerate, i.e., we have = tt]"; 

(iv) there exists a unitary U £ La(X©X°°, X°°) such that ttq = U (Aa © ttx)U* , = 7r“, 

and and t7(lA © 0) = ^ 0 1 a for some ^ £ L‘^{A, E)°°. 

Proposition 7.2.2. If A is unital separable C*-algebra, B G A is a C*-subalgebra, and X £ 
Corr(H) has the B-CCPAP, then we can chose a seguence ifn G such that 4’n{^A) = 1a 

for n £ N and hm„^oo ||a — ^„(a)|| = 0 for a € A. 

Proof. Take a countable dense set in ^ with oi = Ia- Take ipn S EbtiX in such a 

way that \\ak — 'if’n{0'k)\\ < 2“" for 1 < /c < n and V'ti(Ia) < 1a- Then {ipn}n enjoys the 
second assertion. We next replace ifn by a u.c.p. map. Since ^„(1 a)& = 4’n{b) = b'ifn{^A) 
for & £ H, it follows that ipn{^A) £ B' n A. Define the u.c.p. map (pn £ Ex by (pn{a) ■= 
V'n(lA)“^/^V'«(a)t/’„(lA)“^/^- Since V'n(lA)“^^^ is in B'r\A and converges to 1 a in norm, {pn}'^=i 
is the desired one. □ 

For X, y £ Corr(H, C) and B C A we define the set _bLc(X, Y) := {x £ Lc(X, Y) \ xxx{b) = 
TTY{b)x for b £ B} and b]Kc(X, Y) := Kc(X, Y) fl b^c{X, Y). 

Theorem 7.2.3. Let A be a unital separable C*-algebra, B be a C* -subalgebra of A, and (X, ttx) £ 
Corr(Al) be unital and have the B-CCPAP. Then, there exists a sequence of isometries Vn £ 
bEa{IIaiX°°) such that 

(1) AX(a) - V:^^{a)Vn £ Ka{Ha) for a £ A, 

(2) lim„^.oo ||A )4 (a) - X„*7r^(a)F„|| = 0 for a £ A. 

Proof. Since A is separable, it suffices to show that for any finite subset j? C X and e > 0 there 
exists an isometry V £ b'^a{IIa, X°°) satisfying (1) and ||A )4 (a) — F*7r“(a)F|| < e for a £ 5^. 

Take an increasing sequence of finite subsets = j?! C 5'2 C • ■ ■ oi A such that 
Write Ha = with := A. Since X has the H-CCPAP, for each n £ N there exists 

V'n S pB'nx such that V'n(lA) = 1 a and ||a - -!/'«(a)|| < 2“"e for a £ Write tpn = 
with £ B'r\X. Define W„ £ La(X(”),X'^^")) by W„1 a = We then 

have 'ifn{a) = J2tti{^n\TTx{a)£,n'')x = (HAlA,7r^^"^(a)W'„lA)A(") = W*Tr'^'^\a)Wn for a £ A. 
Hence, Wn is an isometry in bLa(a 1(”\ X'^^”)). Define V £ 1La{Ha,X°°) by V := Wn : 

Ha -a X‘^(") ^ X°“. Then, it follows that V is an isometry in bLa(77a)X“). Moreover, 

for any a £ have 11® ~ f/’n(®)ll < and hence V satisfies (1). By the 

construction of V we also have ||A )4 (a) — F*7r“(a)F|| < e for a £ 5^. □ 

Corollary 7.2.4. Let A be a unital separable C*-algebra, B be a C*-subalgebra of A, and 
(X, TTjf) £ Corr(H) be unital and have the B-CCPAP. Then, there exists a sequence of unitaries 
Un £ b^a{Ha © X°°,X°°) such that 

(1) 7r^(a) — Un{X^{a) © 7r“(a))C/* £ Ka(X°°) for a £ A and n £ N, 
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(2) lk“(a) - Un{XA{a) © '^xi^)Wn\\ = 0 for a £ A. 

Proof. Let {y„}„ C be a sequence of isometries in the preceding theorem and put 

Pn := I — VnV*. Note that G 7r“(i?)'. Let 5*1, S '2 G ]B(£^(N)) be the isometries defined by 
SiSn = 52n-i and S 2 Sn = S 2 X for n> 1 . Then, the operator T := (S'i©5'2)©1a : Ha®Ha Ha 
is a unitary. Define unitaries Wn '■= Vn(BPn ■ HA(BPnX°° —t and Un ■= Wn{T(Blx°°)i^HA® 

W*) : Ha © X°° -a X°“. As in the proof of Theorem 16.71 the sequence {Un}n satisfies (1) and 
(2). Since each Un is the product of three unitaties intertwine the left actions of B, we have 
C/„ G BLA(iLA©X“,X“). □ 

For a Hilbert C*-module X and ^ G A, we set := ^ © (5„ G A ® = A°°. 

Corollary 7.2.5. Let B d A and X be as in the preceding corollary. For any ^0 £ B' r\ X with 
{fo,io) = 1a there exists a unitary U £ b^a(Ha © X°°,X°°) such that 
(1) 7r“(a) — 17(A“(a) © 7r“(a))17* G ]Ka(A°°) for a £ A, 

(2') [/(lW©0) = e^'\ 

Proof. We use the notation in the proof of Theorem l7.2.3l Replace IFi : Ai -A in the proof 
of Theorem [7231 by Wi : Ai A Ia ^ £.0 £ X. Then V = Wi ® ®n= 2 Wn £ sL^(i7A,A°°) 
is also an isometry enjoys (1) in Theorem 17.2.31 and that VI^a — £ 0 ^^■ Pnt P := 1 — VV* 
and W := V (B P. We note that the T above satisfies that © 0) = Then U = 

W{T © lA°°)(lffA © W*) G b^a{Ha © A°°, A°°) is the desired unitary. We only check (2'): 

P(lW © 0) = W{T © Ix’^){Iha © W*)il^A^ © 0) = W{T © lA~)((li^^ © Oha) © 0x~) 

= W(l«©0x~) = Rl!4'^=e^'^ 

□ 

For a C*-algebra A we set CA := A© Co[0, 1), where Co[0, 1) = {/ G Cp, 1] | /(I) = 0}. Note 
that Cop, 1) naturally forms a Hilbert C[0, l]-module. 

Theorem 7.2.6. Let B d A be a unital inclusion of separable C*-algebra, (A, ttx) G Corr(A) be 
countably generated, unital, and have the B-CCPAP, £ £ B'd X be a fixed vector with {£,£) = 
1 a. Set (LX,Trjx) ■= (A ©C[0,l],7rx © Icfo.i]) G Corr(A,/A). Then, there exists a unitary 
U £ L/x(CA © /A°°, /A°°) such that 

(1) the triple X = (/A°° © JA°°, U{Xa © lco[o.i) © '^fxW* © ^/x> Jix°°) forms a Kasparov 
A-LA bimodule. 

(2) the unitary U is in bL 7 x(CA © /A°“,/A°°), i.e., Pt(Ax(&) © ttx ='^x(^) 

b £ B and t £ [0,1). 

(3) the evaluation Ui ofU at 1 equals lx°°, and hence the evaluation of X at 1 is degenerate. 

(4) the evaluations {f77}o<t<i satisfies that 

f Pt(cos(7rt)l^ © sin(7rt)^(^)) = for 0<t<l/2 

|c/i(0©C^i)) =^(1) for l/2<t<l 

Proof. By the P-CCPAP of A there exists a unitary V £ _bLx(Pa © A“,A°°) such that 
F(AJ“(a)© 7 r^(a))F*- 7 r^ G Kx(A°°) for a G A and F(1^^^©0) We set :=£2(N)©Oi 

and P^[o 7 ] := H° © C[0,1]. By Kasparov’s stabilization theorem, there exists a unitary T £ 
Lc[o.i](Co[0, l)©i7p[Q Set IF := (F©1 c[o,i])(T’©1a©1/a©1/x°°)(1ca©C*©1c[o.i]) : 

CA © /A“ ^ CA © Rja © /A“ = (C[0,1) © Pc[o.i]) © ^ © /^ © !X°° 

<^AeLAe LX°° = Hia © /A“ ^ IX^. 
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By construction, it follows that W € b^ia{CA(B IX°° and 

(5) W{XA{a) 0 lco[o,i) ® 7r?5c(a))hh* - 7rJ^(a) e for a € A, 


and 0l(;7[o4]) = lc[o,i]- Let Wi e bL^(X°°) be the evaluation of fy at 1 and put 

U := (Vhi*0lc[o,i])W^- ThenC/ also enjoys 0lc[o.i] 

and © in which replaced W by U. Setting rj := Ui/ 2 {Ia © 0) we have rj G B' n X°^, {rj, r/) = 1 a, 
and = 0. Hence we have X°° = © rjA © H for a submodule Y C X°°. Note that 

n'^{B) commute with projections 0^(i)_^(i) and Define U[ S L^(7yA© ^(^)A) for 0 < t < 1/2 
by UfT] = sm{Trt)T](Bcos{Trt)^A) and = (—cos(7rt)?7) ©sin(7rt)^(^^. (H/ is the unitary given 

M 2 (A) ^LaM©^(LA).) NowD/©ly is a norm continuous 


by the matrix 


sin(7rt) — cos(7rt) 
cos(7rt) sin(7rt) 


path of unitaties in Cl + bK^(X°°) and © ly = 1- Let U S L/^(C'A © IX°°,IX°°) be 
the unitary defined by the path {(17/ © ly)C/i/ 2 }o<t<i /2 U {Ut}i/ 2 <t<i- By Lemma [7 A. 31 U is 
well-defined. Moreover, by construction we get U G _b1L/a(C'A ©/X°°,/X°°). To see (1), it 
suffices to show that the path {17t(Ayi(a) © 7r“(a))t// — 7r“(a)}o<t<i is a norm continuous path 
in Kyi(77°°). This follows from Lemma [7.1.31 and definition of U again. Thus, U is the desired 
unitary. □ 


As a corollary, we get a relative analogue of ‘nuclearity ^ AT-nuclearity’ for strongly nuclear 
inclusions. 


Corollary 7.2.7. Let B G A be unital inclusions of separable C*-algebras with a conditional 
expectation E : A^ B. If (A,B,E) is strongly nuclear, then A is K-nuclear relative to {B,E). 

Proof. Applying the previous theorem to {X,ttx) '■= {L‘^{A,E)®b A,'!Te®1a) and ^e01a we get 
a unitary U : C'A©/77°° —>■ 177°° satisfying the conditions in the theorem. The *-homomorphisms 
7r+ := 17(Ayi 0 lco[o.i) ® '^TxW* ■— ^ix the desired ones. □ 


8. i777-EQUIVALENCES OF AMALGAMATED FREE PRODUCTS 

In this section, we prove Theorem ICl and Theorem [P] 

8.1. Amalgamated free products of C*-algebras. Let X be a set and i? be a unital C*- 
algebra. Let {(Xi, TrxJ/igi C Corr(i?) be a family of unital C*-correspondences over B with 
H-central normal vectors ^i, i.e., one has 'KXi{b)fi = fib for 6 G H and = Ib- We define 

the index set Ip for p G N by Ip = {i : {1,... ,p} —^ X \ iik) ^ z(fc + 1) for 1 < fc < p — 1}. The 
free product of {{Xi,fi)}i^i is the Hilbert H-module {X,fo) given by 

X = H © ^ ^ X°(;^) 0B • • • 0B 77°(p), 

p>l i^Xp 

where X° = XiQ fiB. We will denote by the unit of B in the first direct summand of X and 
write (X,^o) = ★iei(Xi,^i). We also define complemented submodules X(A,j) and X{p,j) of 
X for / G X by 

a’) = ® ^ ^ ^i(l) 0B • • • 0B , 

p>l zeXp 

W(p, j) = foB © ^ ^ x:°f^i) <^B 77°(p), 

p>l iGXp 

dp) 71 

and unitaries Vi G Lb(X, Xi®B 77(A, i)) and Wi G Lb(X, X(p, 1) 0^ X^) by 

Vifo = fo, 
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Wiio 


Wiijqx <Si - ■■ ^r]p) 


{ m ® Co 

■qi® {m® ■ ■ ■ ® Vp) 

^i®{qi®---® qp) 

Co ® Ci 


for qi e X°,p= 1 
for qi e X°,p > 2 
for qi i X° 


fCo®?7i ioT qpG X°,p = l 

< {qi®---® qp-i) ® qp for qp G X°,p > 2 
[{qi®---®qp)®^i ioTqi^X°. 


We can now define *-homomorphisms Xi : 'LsiXi) -G Lb(X) and pi : B^B{Xi) —>■ Lb(X) by 


(6) A,(x) = <(x(g) lx(A,z))l'z, Pr{y) =W*{lx(p,i)®y)Wi. 

Hence, {X, Xi o forms a C*-correspondence over B. Further assume that we have a Hilbert 
B-module Y and Z G Corr(i?, C) for a C*-algebra C. By using unitaries ly ® Vi G I^siY ®b 
X,Y ®B Xi ®B X{X,i)) and Wi (Si Iz G Lc(X (Sb Z,X{p,i) (Sb Xi (Sb Z) we can define *- 
homomorphisms Xj : 1 ,b{Y (Sb Xi) LbIY (Sb X); x >->■ (1^ 0 Vi)*{x ® ljs:(A,i))(lv ® Vi) and 
pf : BLc(Wi ®B Z) Lc(Af ®B Z)\y {wi ® lz)*ilx{p,i) ® y){wi ® Iz)- 
A direct computation will prove the following proposition. 


Proposition 8.1.1. Under the notation above, it follows that 

[A,(x) (g) lz,Pj{y)] = S^Jpf{[x(Slz,y]){Pxi ® Iz) 

for X G LB(Ai), y G Lc(Xj (Sb Z), and i,j G I, where Pxi G Lb(X) is the orthogonal projection 
onto X, = loB © X° C X. 

Definition 8.1.2 f [V2] '). Let {{Ai, Ei)}i^x be a family of unital C*-algebras with nondegener¬ 
ate conditional expectations Ei from Ai onto a common C*-subalgebra B containing ■ Let 
{L‘^{Ai,Ei),TTi,^i) G Corr(Ai,i?) be the GNS representation for {Ai,Ei). Let (X,^p) be the 
free product Hilbert module iri^x{L‘^{Ai, Ei),^i). The reduced amalgamated free product of 
{{Ai, Ei)}i^x over B is given by the pair {'kB,i&iiA,Ei),E), where -kB,i(ii{Ai, Ef) is the C*- 
subalgebra of Lb(X) generated by Xi o XEi {Ai), i G I and E is the conditional expectation from 
A onto B given by G Px ■ 

We note that L‘^{A,E) = Cb^ © where Lf{A,E)° the orthogonal complement of 

£,eB, and 'Ke{B) reduces these subspaces. 

Definition 8.1.3. Let {Ai}i^x be a family of C*-algebras containing a common C*-subalgebra B. 
Then, the full amalgamated free product oi Ai,i Gl over B is the C*-algebra kB,ieiAi, equipped 
with injective *-homomorphisms ii : Ai ^ ★s.zeiAi such that Li{b) = tj{b) for b G B and i,j Gl 
and satisfying the following universal property: for any C*-algebra C and *-homomorphisms 
TTi : Ai ^ C such that TTi{b) = '!Tj{b) for b G B and i,j G X, there exists a unique *-homomorphism 
★igiTTi : •icB,i^iAi C such that {ki^xT^i) o ii = Xi for i G X. 

8.2. Theorem C and Theorem D. In this subsection we prove Theorem 18.2.11 below, which 
contains Theorem [Cl and Theorem [Pl (see Proposition l5.1.6|) . (We refer to S 114.2l for the definitions 
of strong relative nuclearity via C*-correspondences and central vectors.) 

Theorem 8.2.1. Let {{Ai,B,Ei){i^x be an at most countable family of unital inclusions of 
separable C* -algebras B d Ai with conditional expectations Ei : Ai ^ B. If each triple {Ai, B, Ei) 
is strongly nuclear via C*-correspondence {Zi, nzi) over B such that Zi is countably generated and 
admits a B-central vector Q G Zi with (CgO) = ^b, then the canonical surjection from the full 
amalgamated free product kB,ieiAi onto the reduced one kB,iei{Ai, Et) is a KK-equivalence. 
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We first establish several technical lemmas based on |Gel||Ge2] . In what follows, I denotes 
a countable set and is a family of unital inclusions of separable C*-algebras 

with nondegenerate conditional expectations Ei : Ai ^ B. Let A := and A^ := 

ifiex,B{Ai,Ei) be the full and the reduced amalgamated free products, respectively and let 
TTr : A —> Aj. be the canonical surjection. 

The next lemma is probably well-known, but we give its proof for the reader’s convenience. 

Lemma 8.2.2. If (Z^ttz) is an A-B C*-correspondence such that there exists a subspace T G Z 
such that 'Kz{A)T is norm dense in Z and satisfying the freeness condition: for any p G N, i € Ip, 
and Ok G ker Ei(^k) C Ai(^k) A<k<p, 

(? 7 , TTz (oi • • • = 0 /or 77 G r, 

then the ttz factors through A^. 

Proof. It suffices to show that kerTTi- C kerTr^. Fix a G kerTTr arbitrarily and take a sequence 
{a„}n G *-Alg(j4i,i G I) G A such that hm„_,.oo ||a — Onll = 0. Since F is a cyclic subspace 
for ttz{A) we only have to prove that {r],TTz{b*ac)^) = 0 for all b,c G *-K\g{Li{Ai),i G I) and 
^,?7 G F. It is known that 7rr( &*a„c) is a sum of an element bn G B and hnitely many elements 
having the form of for some p G N, i G Ip, and Xj(fc) G Ai^^k) G keri? C A^. Since 

/,?? G F we now have ||(77,7rz(&*ac)/)|| ^ \\{'q,TTz{b*anc)f)\\ = ||(?7,7rz(6(&„))/)|| < ||/||hllll&«|| = 
ll/ll||r7||||£l(7ri.(6a„c*))|| —>■ 0, which implies that •nz{a) =0. □ 

Let Zi G Gorr(i?) be unital faithful and Q G B' A Zi be a normal vector, i.e., (CoG) = Is- 
Set := {L^{Ai,Ei) Gb Zi,^Ei G Pi) and (A,/o) := By the universality 

of A we obtain the ^-homomorphism ttx ■= o (t^e, ® ^Zi) '■ A —>■ Lb (AT), where Xi : 

^B{Xi) —>■ LB(Ar) is as in dH]). We also set (Fi,7ryJ := (Xi ®b Ai,TTXi ® IaJ G Gorr(Ai) and 
(Y, tty) ■= (X Gb a, ttx G Ia) G Corr(A). 

Lemma 8.2.3. Under the notation above, there exists a *-homomorphism ttx '■ A,. —^ Lb(W) 
such that TTx = ttx o . 

Proof. Set Z° := ZiQ QB and dehne the closed submodule A C X by 
^ ® ® Gs ^^(1)) Gb X°(2) Gb • • • Gb 

p>2 j^Xp 

We will show that the closed submodule F := /o-B 0 ^ satishes the condition 

in Lemma r8.2.2l Indeed, it is not hard to see that 7rx(ai • • • OpjF _L F for ah p > 1, i G Ip, 
and Ofc G A°f^f,y Set Xq := and Xp := ^iii) Gb • • • 0b for p > I. We also set 

X* := L?(Ai,Ei)° ®B CiB = 7rx(A°)/o and X* 0igx-’^*(i) 0 b 0b ’' •0bX°(p) for p > 1. 
Since X = 0p>o it suffices to show that spanTTjf (A)r contains Xp for ahp > 0. The case that 
p = 0 is trivial. Suppose that p > I and Xp C span ttx (A)F. We observe that Xp_|_]^ C 7rx(A)Xp 
and Xp+I 0 Xp+i = (Ayy, Eyy) ZiB 0°(1)) 0B X°( 2 ) 0B • • • 0B C 7rx(A)r, 

which implies that Xp+i C span7r(-X)r. By induction and Lemma 18.2.21 we are done. □ 

Lemma 8.2.4 (cf. |Gel[ Proposition 4.2]). Under the notation above, suppose that there exist 
Z[ G Corr(i?) and unitary Wi ■. Xi (Zb Z( ^ Xi ®b Xi satisfying that 

(i) Wi(TTXi{b) 0 = ^Xi{b) 0 Ixi for all b G B; 

(ii) G W^{i^B®B Z'i). 

Define 4>i : Ai ^ Lb(X 0b X) by (t)i(a) = Xf' (Wi(TT Xi(a) 0 Iz'^W*) 0 Ti(a) 0 Ix- Then, the 
* -homomorphism 4> '■= ^ Lb(X 0b X) factors through Ap. 
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Proof. We set Vi := Ixi <E> vt € Lb(W (E>b X,Xi ®b Xi ®b X{\,i)). Let Xp,X!‘,X* and A be as 
in the proof of Lemma [8.2.31 Define the subspace Ti C Xi X by 


Li := V*{Wi (g) lj(:(A,i)) (Csi Zi Z' X{X,i)). 

By (ii) the ® belongs to L^. Set r° := Lj 0 foB. We will show that the subspace 

r := ^0 ®B foB © © A 0B X satisfies the condition in Lemma 15.2.21 We note that 

OO 

(7) rc Xo©Xi©0(Xp©x;) ©bW 

P=2 

Fix i G I and a G A° arbitrarily and show that ^i>(a)r © F. By definition, we have 


(j){a) = V*{Wi 0 ^X(X,i)){'^Ei{o) 0 \Zi 0 Iz' 0 lx(A,i))(W^i! ® lx(A,z))*^ ©©(o) 0 lx, 

which implies that (/)(a)ri © F. For any j GX with i j the fact that ^i>(a)F° C X* the (O 
implies (j)[a)Tj © F. We also have (/)(A0b-A) © F by (O. Next, let g > 2 and Ok G 1 < k < q 
be arbitrary. Because ^(oi • • • aq)r C 0p>2 X* we get ^i>(a)F © F by ([7]). 

Finally, we prove that Fq := span 4>{A)T contains Xp®B X for all p > 0. The case of p = 0 is 
trivial. When p = 1, it follows that Xi 0b Af C Fq since 


(t>{Ai)Ti = Vi \Wi {EXi{Ai)fEi 0 Zi 0B Z-) 0B Ar(A,i)], 


which is dense in V*\Wi{Xi 0b Z[) 0b Al(A,f)] = Xi 0b X. Since span(^(A)A 0b X) contains 
0p>2 (-^p © ^p) ®bX, we only have to show that X'CSibX C Fq for p > 2. This is done by induc¬ 
tion. Suppose that Xp®BX C Fq withp > 2. We then have X.p®BX C Fg. Since the restriction 
oi(j){a) onXp0BAl equals 7rx(a)0lx fora G A. Thus, X*_|_]^0 bA’ C (span7rx(A)Xp)0B-A C Fq. 
Therefore, by induction we get ro=X0BA". □ 


Suppose that for each i GX there exists a unitary Ui : A, © —>■ Yi satisfies that © 0) = 

^i 0 lAi and Uifb © Tr-^. {b))U* = Try. (6) for all b G B. Note that Y = Yi 0^. A © (X © Xi) 0b A 
for all i gX. We define ipi : Ai ^ L^. (Yi) by ^fi{a) = Ui{a © Try. {a))U* and set ip := 'ki^i{ipi 0 
1a © © 0 1a), where © : A^ -)> Lb(X © Xi) is defined by r(a) := 7rx(a)|xeVi- 

Lemma 8.2.5. Under the notation above, let Si G Try. (i?)' fl be the isometry defined by 

Ui\o^Yi- Then, the isometries pf{Si 0 1a) G Lyi(©) satisfy that Pa + J2iex © ^A)pf{Si 0 
1a)* = ly, where Pa G L/i(©) is the projection onto foB 0b A. Moreover, the unitary U := 
Pa © 0igi pfiiSi 0 1a) : a © © 0 £^{X) -a Y satisfies that ip{a) = 17(a © nyia) 0 l£2(x))C7* for 
all a G A. 


Proof We observe that the image of pf{Si®lA) is 0p>i 0iGip j(p)=i ®bA. 

Since these subspaces are mutually orthogonal and span YqPaY, we get the first and the second 
assertions. 

To see the second assertion, it suffices to see that ip{a) = U{XA{a) © 7ry(a) 0 l£2(i))C7* for all 
i GX and a G A^. Thus, we fix z G X and a G A^. Recall that ip{a) = [{Ui{XAiia) © Ty. (a))17*) 0 
1a] © ©(a) 0 1a = [{Ui 0 lA)(AA(a) © 7r©(a) 0 1a)([7z 0 1a)*] © ©(«) 0 1a- Identifying © with 
© 0 CSi we have 

'>Pia,)U\AeYi<g,AiA^cSi = i’{a){Ui 0 lA)lA®Vi®yi,A 

= {Ui 0 lA)(AA(a) © XYiia) 0 lA)\AeYi<»AiA 
= U{XA{a) © 7ry(a) 0 lp(I))\A!pYi®AiA(g>C6i- 

By Proposition 18.1.11 we also have 

'*/'(a)[71(xeXi)®flA(8)C5i = (©(a) ® ^A)pt{Si 0 lA)l(xeXi)(giBA 

= (Ai(7rxi(a)) 0 lA)pt{Si 0 lA)\(XQXi)®BA 
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= pt(.Si ® l^)(A*(7rx,(a)) 0 lA)\{XQXi)®BA 
= U{XA{a) © 7ry(a) 0 ^p{i))\{XQXi)®BA(»cSi- 
Similarly, for any j £ © with j ^ i, identifying Y 0 CSj with Y we have 
'i/'(a)17|y<g,o,- = (©(a) 0 lA)pf(Sj 0 1a) 

= (Aj(7rxi(a)) 0 lA)pf{Sj 0 1a) 

= pf{Sj 0 lA)(Ai(7rXi(a)) 0 1 a) 

= U{XAia) © 7ry(a) 0 lp{x))\Y®cSj- 

Hence, we get tp{a)U = U{L{a) © 7ry(a) 0 for a G Ai. □ 

We are now ready to prove Theorem 18 .2. II 

Proof of Theorem \8.2.1\ Let A := itB,iexAi and A^ := -E^) and : A ^ A^ he the 

canonical surjection. We show that there exists y G E(Hi., A) such that (Si a, [3^] + idA = 0 and 
[3^] 0A T^'r + idAr = 0. To simplify the notation we omit the canonical inclusion maps Li : Ai ^ A 
and l: B ^ A. Put (Xi,7rxi,6) := {L'^{Ai,Ei)®B 0 ®Pi®h) and (Yi,TrYj ■= 

{Xi 0B Ai.TTXi 0 IaJ G Corr(Hi). Define {X,ttx) G Corr(H, H) by (X,^o) := ★iei(-’^oCi) and 
TTx ■= ★iex(Ai oTTjfJ, where Xi : hB^Xi) -A Lb(X) is the canonical left action and set (F, Try) := 
{X (Sb a, TTx 0 1a)- We identify Xi with the canonical copy of Xi in X and £,i with ^o- We also 
use the notation that A° =keiEi and X° =Xj©^o-B. Since = {L?{Ai,Ei) ®b ®Zi®B Ai)°°, 
by Theorem 17.2.61 there exist unitaries G hcAiiCAi © IYi,IYi) satisfying the following: 

(1) the triple Xi = {lYi © lYi, (Aa^ 0 lco[o,i) ® x'/yjC/^*^* © rr/y., J/yJ forms a Kasparov 
Ai-IAi bimodule; 

(2) satisfies that Ut{XA{b) © •Kx{b))Uf = 7r“(6) for all & G B and t G [0,1); 

(3) the evaluation of 17 at 1 equals lyj 

(4) the evaluations {C/j*^}o<t<i enjoy that 17^(cos(7rt)lAi © sin(7rt)^i 0 IaJ = 0 Ia^ for 

0 < t < 1/2 and t/t(0 © 0 IaJ = Ci 0 l^i for 1/2 < t < 1. 

Let Ti ■. Ai ^ 'LBiXQXi) be the compression of xxOLi on XQXi. We note that the isomorphism 
lY = lYi (SiAi IA(B {X Q Xi) (Sb IA induces 

(/F, TT/y) = (lY, ^ (TT/y 0 l/A © © 0 1/a) 

V iex 

Set := 17(®^(LAi0lco[o.i)®^/F)^^*^* : L/a^ (/F^). By (2) it follows that |b = Try. |b 

for all i gX. Hence, by the universality of A we have the ^-homomorphism 

if = -k 0 1/A ® © 0 1/a) : A -A L/a(7F). 

We claim that the triple X := (IF © lY, if © rr/y, J/y) defines a Kasparov A-IA bimodule. It 
suffices to show that for any a G A, we have if (a) — TT/y (a) G K/a( 7F). We may assume that a 
has the form of oi • • • Op, where p G N and i GXp and at G . We then have 

p p p k—1 p 

flfe) - 7r/y(]^ai) = E(n V'(an))( 1 /( 0 /)-TT/y(a/c))( 7r/y(a„)). 

k—1 k=l k—1 n—1 m—k-\-l 

This is compact since if{ak) — xiY^ak) equals 0 on (7f © Xu) 0b 77l and equals (a/) — 

'^lYkio-k)) 0 1/A G ]K/Afc(7Ffc) 0K/a(7^) on IF/ 0/Afc I A. 

By (4) each unitary Uq^ : 7l © F^ —F^ satisfies that ulf’{lA © 0) = 0 Ia;- Set Si := 

C^o*^loe©, which is an isometry in BLAi(Fi). Let ift be the evaluation of "0 at t G [0,1]. We 
observe that ifo{a) = ici^x{UQ\LAi © 7/©)C1q*^* © © 0 1a)- By Lemma [8.2.51 the operator 
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U -—Pa® Pfi^i ® I- 4 ) -■ A® Y ®f‘{T) \s a. unitary satisfying that '!/'o(a) = U{XA{a) © 

7rr(a) © 1 ^ 2 (!))[/* for all a € A. Thus, we have 


Xq = (Y ® Y, 'IpQ © TTy, jy) = (Y © y, 17 (A^ © TTy © ^P(X))U* © TTy, Jy) 


© y © t^{T) © y, A^ © Try © l£2(x) © TTy, 


0 

u 



Since C/ is a compact perturbation of S := ®i^xPt {Si © 1a)^a{Y © £‘^{I),Y), this Kasparov 
bimodule is homotopic to 


(A© 0, Aa © 0,0) © 


^y © f{I) © y. Try © lf2(x) © Try, 


0 

s 



Since evaluations of A^’s at 1 are degenerate, so is the one of X. By Lemma [8.2.31 there exists a 
^-homomorphism tti. : —>■ L^(y) such that ttjc = trx o Tr^. Thus, letting 


3^:= 


(^y © i^{X) © y, (trjf © 1a) © h^x) © TTX © 1^, 


0 

S' 


s* 

0 


we have 0 = [Xi] = [X^] = id^ ©TTr ®Ar [3^]- 


We next prove that [3^] ©^ tt^ + idyi, = 0 in KK{Ar, Aj.). Our proof depends on the argument 
in [Cell Section 4]. We note that [3^] ©^ tt^ is represented by 




^AT ©B Ar © i‘^{I) © X ©B Ar, (TTjf © l^J © lf2(i) © TTx © Ia,, 




Let TTr := TTr © idc[o,i] : IA -A I At- and consider the pushout of X by TTr, which is the Kasparov 
A-At bimodule {I{X ©b A^) © 7(77 ©b ® i'^x © IaJ © lc[o.i] V/(X 0 bA,))- 

We claim that the ^-homomorphism factors through A^. For any a £ A we have ||'05fj(a)|| = 
supo<t<i ||('(/'s:Jt(a)||. Since (V'ffr)* = ^ ©b ^r), it is sufficient to see that 

the {ipAnr factors through A^ for every t G [0,1]. Furthermore, since ttx : A —>■ ^b{X) is 
injective, it enoughs to show that r/’t © lx : ^4 —7> LB(y ©a X) = Lb(A' ®b X) factors through 
At- Recall that Xf' : LB(A'i ®b Xi) -A hB{Xi ©b 77) is the *-homomorphism given by cc >->■ 
(Ixi © Vi){x © lx(A.i))(lxi © Vi). Now we have 


i/’t © Ijc = ★ 

iei 


V’t*^ © Ijc' 




★ 

iex 


^x, 


{At^ 


IxJ’ 


LX 


Consider the natural isomorphism Ti : {Ai © Yi) ©a^ Xi = Xi® Xi®B Xi = Xi®B {B ® Xi) and 
set := ® IxA o T* : Xi ®B {B ® Xi) ^ Xi ®B 77*. We then have 

# © lx, = Wi^^\TTx, © IsexjLFi*^*. 


We note that (^i © (cos(Tr<)lB © sin(Trt),^i)) for 0 < t < 1/2 and ^i®^i = {^i © 

(0 © ^i) for 1/2 < t < 1. Hence, Lemme 15.2.41 savs that factors through Ay. 

Thus, there exists a ^-homomorphism (p : A^ ^ L/Aj(7(77 ©b ^r)) satisfies that ip^^ = t/o TTr. 
Then© = (/(X©B24r)®/(X©B24i.), (/)©(trx©lAj©lc[o,i] V/(x®bA,)) forms a Kasparov 


bimodule and satisfies that Tr/(Z) = We note that Tr/(Zo) = (7'‘/(©))o = (XjiAo = 

which consists of the Hilbert C*-module © (77 ©b A^) © 7^(T) © 77 ©b A^, the left action 

0 ui 


TTr © (tTx © 1a, 
Zq is just 


> 1 ^ 2 ( 1 ) ® (ttx © Ia,), and the degree 1 operator 


Hence, the evaluation 


(^At © (77 ©B At) © f{I) © X ©B At, Aa, © (ttx © IaJ © 1^2(X) © (trx © IaJ, 




Since [Zi] = 0 and Utt^ is a compact perturbation of Stt^, it follows that 0 = [Zq] = idA, +[3^7*,] = 

idA, +[3^] ©A TTr. □ 
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9. Applications 

In this section, we give some applications in AA-theory. The next theorem follows from 
Thomsen’s result on full amalgamated free products l |Thl Theorem 2.7]) and Corollary D. 

Theorem 9.1. Let Ai,A 2 , and B be unital separable C*-algebras, and ik ■ B ^ Ak,k = 1,2 
be unital embedding with nondegenerate conditional expectations Ek : Ak ^ ik{B). Set A := 
{AuE,)ic b{A 2 ,E 2 ). Let jk : Ak ^ A, k = 1,2 be the canonical embeddings. If each Ai is 
nuclear and B is finite dimensional, then for any separable C* -algebra D there are two cyclic six 
terms exact sequences: 

KK{D,B) SlllAllL, KK{D,Ax)(BKK{D,A 2 ) KK{D,A) 


KK{SD,A) KK{SD,Ai)®KK{SD,A 2 ) KK{SD,B) 

KK{B,D) KK{Ai,D)®KK{A 2 ,D) KK{A,D) 


KK{A,SD) KK{Ai,SD)®KK{A 2 ,SD) KK{B,SD) 

In particular, we have 

Ao(Ai)©Ao(A2) k^^A) 


Ai(A) Ai(Ai)© Ai(A2) ^- 0 

We next discuss AA-equivalence of full and reduced HNN-extensions of C*-algebras. We refer 
to |Ulj[U2] for the definition of HNN-extensions. 


Theorem 9.2. Let B <Z A be a unital inclusion of separable C*-algebras and 9 : B ^ A be 
an injective *-homomorphism. Assume that there exist conditional expectations E : A ^ B and 
Eg : A ^ 9{B) such that the triple (M 2 (A), A © 0{B), E © Eg) is strongly nuclear, where 


A ©61(A) 


h 

0 


0 

0 {b 2 ) 


bi,b 2 G B 


E® Eg 


ai 

as 


02 

04 


i-A- 


A(ai) 

0 


0 

Eg ( 04 ) 


Then the canonical surjection from the full HNN-extension A'ic'jf^^'^9 onto the reduced one (A, E) iCB{e,Eg) 
is a KK-equivalence. 


Proof. Let Af and Ai be the full and reduced amalgamated free product M 2 (A)'A-b 0 _bM 2 (A) 
and (M 2 (A), E © Ae)-^_BeB(M 2 (A), Ai), where the inclusion A © A —>■ A © 0(A) C M 2 (A) and 
the conditional expectation E ® Eg are as above, and the inclusion 61 : A © A —>■ M 2 (A) and the 
conditional expectation Ei : M 2 (A) —>■ A are defined by 


ii : (61 © 62) 


bi 

0 




0 

bg 


We also set B{ := Aif'fj^^''9 and := {A, E)-kB{d, Eg). By remarks following to |U21 Proposition 
3.1] and |U21 Proposition 3.3], there exist two ^-isomorphism : .Af —?> M 2 (Af) and —>■ 

M 2 (Ar) such that o $f = o Tir, where tTi- : Alf —>■ A^, and Up : Af —?> Ap are canonical 
surjections. Since the triple (M 2 (A), A © A, Af) is also strongly nuclear by Proposition 14.5.21 tTp 
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is a ifi^-equivalence. Consider *-homomorphisms —>■ M 2 (-Be) and V'e : M 2 (-Be) —>■ -Be for 

e G {f, r} defined by 


: 


A 


h 

bs 


b2 

bi 


i-A &i, 


for b, bi € -Be, 1 = 1,2, 3,4. Then we have the following commuting diagrams: 


At M2(-Bf) -Bf At M2(-Bf) Bt 


TTr 

<y?'’ 


CTr TTr 






4^ 


Ar M2(-Br) Br A M2(-Br) Br 


Let a G iGiG(A, A) be an element satisfying 71 ^ a = id^j and a (8)^^ 71 ^ = id^,.. Set 

P := $ 7 ^ ( 8 )^„ a 0At € BTiL (M 2 (-Br), M 2 (Bf)). Then we have id^j = pt <S>u 2 (iS{) C)M 2 (-Br) 

( 2 ) 

/3 OM2(Bt) V'f = CTr OSr </>r OM2(-Br) P V”! and idfi, = (j), (8)M2(-Br) P ®U2{Bt) OMsC-Sr) A = 

A C)M2(-Br) P ®M 2 {Bc) V'f C)M2(Sf) o-r, hence the p,: (8iM2(Bt) P ®U 2 {B!) '0f € KK{Br,Bt) is the desired 
inverse element of cTr- D 


We remark that when B = 9{B), the strong nuclearity of (M2(24), B (B B,E (B E) follows from 
the one of {A,B,E). Combining the theorem above with ina Proposition 4.12] we obtain the 
following six term exact sequence for reduced HNN-extensions. 

Corollary 9.3. Let B G A be a unital inclusion of separable C*-algebras and 0 : B ^ A be 
an injective *-homomorphism. Assume that there exist conditional expectations E : A ^ B and 
Eg : A ^ 9{B) such that the triple (M 2 (A),i? © 9{B),E ® Eg) is strongly nuclear, then we have 
the following six term exact sequence: 

KoiB) KoiiA,E)icB{0,Eg)) 

I 1 

Kt{{A,E)iKB{0,Eg)) Kt{A) Kt{B) 

Here lb '■ B ^ A and la '■ A ^ {A, E)-k b( 0, Eg) are inclusion maps. 
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